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Ââåäåíèå

Îáúåêò èññëåäîâàíèÿ. Àêòóàëüíîñòü òåìû èññëåäîâàíèÿ.

Äèññåðòàöèÿ ïîñâÿùåíà èçó÷åíèþ óñëîâèé è ìåõàíèçìîâ âîçíèêíîâåíèÿ

ïðîñòðàíñòâåííî-íåîäíîðîäíûõ ðåøåíèé ìàòåìàòè÷åñêîé ìîäåëè ãåíåðàòîðà îï-

òè÷åñêîãî èçëó÷åíèÿ ñ îïåðàòîðîì ïðåîáðàçîâàíèÿ ïðîñòðàíñòâåííûõ êîîðäè-

íàò â êîíòóðå äâóìåðíîé çàïàçäûâàþùåé îáðàòíîé ñâÿçè è òîíêèì ñëîåì íåëè-

íåéíîé ñðåäû. Îñíîâíûå ýêñïåðèìåíòàëüíûå ðåçóëüòàòû îáðàçîâàíèÿ

ïðîñòðàíñòâåííî-íåîäíîðîäíûõ ñòðóêòóð â ðàçëè÷íûõ íåëèíåéíûõ îïòè÷åñêèõ

ñèñòåìàõ áûëè ïîëó÷åíû â êîíöå 1980-õ ãîäîâ. Â ðàáîòàõ [1]-[3], [65] ïðèâåäåíû

ýêñïåðèìåíòàëüíûå ðåçóëüòàòû îáðàçîâàíèÿ

ïðîñòðàíñòâåííî-íåîäíîðîäíûõ âîëí â ëàçåðíûõ ïó÷êàõ ãåíåðàòîðà îïòè÷åñêî-

ãî èçëó÷åíèÿ ñî ñïåöèàëüíûì íåëèíåéíûì êîíòóðîì äâóìåðíîé îáðàòíîé ñâÿçè.

Òàêèå ñòðóêòóðû âîçíèêàþò â ïëîñêîñòè, îðòîãîíàëüíîé íàïðàâëåíèþ ðàñïðî-

ñòðàíåíèÿ ñâåòîâîé âîëíû. Èõ âîçíèêíîâåíèå îáóñëîâëåíî íåëèíåéíîñòüþ ñè-

ñòåìû, êîòîðàÿ îáåñïå÷èâàåòñÿ òîíêèì ñëîåì íåëèíåéíîé ïðîâîäÿùåé ñðåäû è

êîíòóðîì äâóìåðíîé îáðàòíîé ñâÿçè ñ îïåðàòîðîì ïðîñòðàíñòâåííîãî ïðåîáðà-

çîâàíèÿ ñâåòîâîé âîëíû â ïëîñêîñòè èçëó÷åíèÿ îïòè÷åñêîãî ãåíåðàòîðà. Â óêà-

çàííûõ ðàáîòàõ òàêæå ïðåäëîæåíà ìàòåìàòè÷åñêàÿ ìîäåëü äëÿ îïèñàíèÿ ýòîãî

ÿâëåíèÿ è ïðèâåäåíû ðåçóëüòàòû åå ÷èñëåííîãî àíàëèçà â ñëó÷àå îïåðàòîðà

ïîâîðîòà ïëîñêîñòè ñâåòîâîé âîëíû. Ìàòåìàòè÷åñêàÿ ìîäåëü ÿâëÿåòñÿ óðàâíå-

íèåì äèíàìèêè ôàçîâîé ìîäóëÿöèè â íåëèíåéíîé îïòè÷åñêîé ñèñòåìå è ïðåä-

ñòàâëÿåò ñîáîé íà÷àëüíî-êðàåâóþ çàäà÷ó äëÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ

ïàðàáîëè÷åñêîãî òèïà ñ îïåðàòîðîì ïðåîáðàçîâàíèÿ ïðîñòðàíñòâåííîãî àðãó-
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ìåíòà â íåëèíåéíîì ôóíêöèîíàëå îáðàòíîé ñâÿçè. Óðàâíåíèå ðàññìàòðèâàåòñÿ

â îáëàñòè, îïðåäåëÿåìîé àïåðòóðîé ñâåòîâîãî èçëó÷åíèÿ, ñ óñëîâèÿìè íåïðî-

íèöàåìîñòè íà ãðàíèöå. Äëÿ ïîíèìàíèÿ îáúåêòà èññëåäîâàíèÿ êðàòêî îñòàíî-

âèìñÿ íà âûâîäå ýòîãî óðàâíåíèÿ, ñëåäóÿ ðàáîòå [3] è âçÿâ äëÿ îïðåäåëåííîñòè

ðàñïðîñòðàíåííóþ ïðèíöèïèàëüíóþ ñõåìó ãåíåðàòîðà îïòè÷åñêîãî èçëó÷åíèÿ,

ïðåäñòàâëåííóþ íà ðèñ. 1, â êîòîðîé èñïîëüçóåòñÿ íåëèíåéíàÿ ñðåäà ñðåäó êåð-

ðîâñêîãî òèïà ("kerr slice")[3, 65].

Îáîçíà÷èì ÷åðåç A(x, t) êîìïëåêñíóþ àìïëèòóäó ïîëÿ ìîíîõðîìàòè÷åñêîé

âîëíû äëèíû λ íåïîñðåäñòâåííî ïåðåä ñëîåì íåëèíåéíîé ñðåäû, ãäå x = (x1, x2)∈

Ω - ïîïåðå÷íàÿ êîîðäèíàòà, îòíîñèòåëüíî íàïðàâëåíèÿ ðàñïðîñòðàíåíèÿ ñâåòî-

âîé âîëíû, Ω - àïåðòóðà, t - âðåìÿ. Ïîñëå ïðîõîæäåíèÿ òîíêîãî ñëîÿ ñðåäû

ïðîòÿæåííîñòè l, l ≪ 1 êîìïëåêñíàÿ àìïëèòóäà A′(x, t) îïèñûâàåòñÿ ñîîòíîøå-

íèåì

A′(x, t) = exp{−ρl/2 + ikln(x, t)}A(x, t) (1)

êîòîðîå ó÷èòûâàåò ýôôåêòû ïîãëîùåíèÿ ñ êîýôôèöèåíòîì ρ > 0 è èçìåíåíèå

ôàçû âîëíû, âûçâàííîå íàâåäåííûìè ýòîé âîëíîé íåîäíîðîäíîñòÿìè ïîêàçàòå-

ëÿ ïðåëîìëåíèÿ n(x, t) ñëîÿ ñðåäû. Çäåñü k = 2π/λ - âîëíîâîå ÷èñëî. Â ñëó÷àå

ëîêàëüíîãî îòêëèêà ñðåäû ñ õàðàêòåðíûì âðåìåíåì ðåëàêñàöèè íåëèíåéíîñòè
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äèíàìèêà ïîêàçàòåëÿ ïðåëîìëåíèÿ ñðåäû îïèñûâàåòñÿ óðàâíåíèÿìè

n(x, t) = n0 + n2P (x, t), τ∂tP (x, t) + P (x, t)−D∆P (x, t) = |A(x, t)|2,

ãäå n0 - íåâîçìóùåííîå çíà÷åíèå ïîêàçàòåëÿ ïðåëîìëåíèÿ ñðåäû, P (x, t) - ïî-

ëÿðèçóåìîñòü ñðåäû, ∆ - îïåðàòîð Ëàïëàñà ïî ïîïåðå÷íûì êîîðäèíàòàì, îïè-

ñûâàþùèé äèôôóçèîííûé ïðîöåññ ïåðåîðèåíòàöèè ìîëåêóë ñðåäû, âûçâàííûé

ïàäàþùåé âîëíîé τ - êîýôôèöèåíò ðåëàêñàöèè ñëîÿ ñðåäû. Â ðåçóëüòàòå ïðè-

õîäèì ê óðàâíåíèþ îòíîñèòåëüíî ïîêàçàòåëÿ ïðåëîìëåíèÿ

τ∂tn(x, t) + n(x, t)−D∆n(x, t) = n0 + n2|A(x, t)|2. (2)

Äëÿ îïèñàíèÿ ñèñòåìû â çàìêíóòîé ôîðìå ïîëó÷èì çàâèñèìîñòü êîìïëåêñíîé

àìïëèòóäû A(x, t) îò ïîêàçàòåëÿ ïðåëîìëåíèÿ n(x, t). Äëÿ ýòîãî äîñòàòî÷íî

ïðîñëåäèòü õîä ëó÷åé â êîíòóðå îáðàòíîé ñâÿçè, ó÷åñòü ïðåîáðàçîâàíèå ïðî-

ñòðàíñòâåííûõ àðãóìåíòîâ x = g(y) è ó÷åñòü èíòåðôåðåíöèþ âõîäíîé âîëíû ñ

êîìïëåêñíîé àìïëèòóäîé A0(x) è âîëíû îáðàòíîé ñâÿçè, ñ÷èòàÿ äëÿ îïðåäåëåí-

íîñòè, ÷òî x, y ∈ Ω̄. Åñëè ïðåíåáðå÷ü âðåìåíåì çàïàçäûâàíèÿ âîëíû â êîíòóðå

îáðàòíîé ñâÿçè (îá ó÷åòå çàïàçäûâàíèÿ áóäåò ñêàçàíî íèæå), òîãäà ñïðàâåäëèâî

ðàâåíñòâî

A(x, t) = (1−R)1/2A0(x) + ηRA′(y, t), (3)

â êîòîðîì 0 < R < 1 � êîýôôèöèåíò îòðàæåíèÿ ïîëóïðîçðà÷íûõ çåðêàë M1,2

(ïî èíòåíñèâíîñòè), η � êîýôôèöèåíò îñëàáëåíèÿ â êîíòóðå îáðàòíîé ñâÿçè.

Ïîñëå ïîäñòàíîâêè (1) â (3) ïîëó÷àåì ôóíêöèîíàëüíîå óðàâíåíèå, ñâÿçûâàëþ-

ùåå çíà÷åíèÿ êîìïëåêñíîé àìïëèòóäû â ðàçëè÷íûõ òî÷êàõ x, y àïåðòóðû:

A(x, t) = (1−R)1/2A0(x) +B exp{ikln(y, t)}A(y, t), B = ηR exp{ρl/2}
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Â ïðåäïîëîæåíèè ìàëîñòè B áóäåì èñïîëüçîâàòü ïðèáëèæåíèå

A(x, t) = (1−R)1/2(A0(x) +BA0(y)exp{ikln(y, t)}).

Îòñþäà âûòåêàåò âûðàæåíèå äëÿ èíòåíñèâíîñòè I = |A2|:

|A(x, t)|2 = (1−R)(|A0(x)|2+B2|A0(x)|2+2BRe(A0(x)
∗)A0(y)exp{ikln(y, t)})).

(4)

Toãäà äëÿ íåëèíåéíîé ôàçîâîé ìîäóëÿöèè u(x, t) = kl(n(x, t)−n0) ñîãëàñíî (2),

(4) èìååì óðàâíåíèå

τ∂tu(x, t) + u(x, t)−D∆u(x, t) = F(u, g),

ãäå ôóíêöèîíàë F(u, g) = F (x, y, u(y, t)), y = g−1(x). ßâíûé âèä ôóíêöèè

F (x, y, u) îïðåäåëÿåòñÿ ïðàâîé ÷àñòüþ (4), g(y) ãëàäêîå îáðàòèìîå îòîáðàæåíèå

g(y) : Ω → R2, äëÿ ïðîîáðàçà êîòîðîãî ñïðàâåäëèâî âêëþ÷åíèå ñ g−1(Ω̄) ⫅ Ω.

Ïîñëå çàìåíû ïåðåìåííûõ èìååì âûðàæåíèå

F(u, g) =


F(u(g−1(x)), g(g−1(x)))/|g′(g−1(x))|, g(x) ∈ Ω̄,

0, g(x) ̸= Ω̄.

(5)

Â ïðèáëèæåíèè ãàðìîíè÷åñêîé ïëîñêîé âîëíû A0(x) ≡ A0 ∈ R, ïðè ìàëûõ

B êâàäðàòè÷íîå ïî B ñëàãàåìîå â(4) îòáðàñûâàåòñÿ, è â ðåçóëüòàòå ïîëó÷àåòñÿ

óðàâíåíèå

τ∂tu(x, t) + u(x, t)−D∆u(x, t) = F (u(y, t)), (F (u) = K(1 + γ cos(u))),

∂nu(x, t)|Γ = 0, u(x, 0) = u0(x), (6)

ñ êðàåâûìè è íà÷àëüíûìè óñëîâèÿìè. Â (6) γ = 2B,K = n2kl(1−R)|A0|2 - ñêà-

ëÿðíûé ïàðàìåòð, õàðàêòåðèçóþùèé ñèëó ïðîÿâëåíèÿ íåëèíåéíûõ ýôôåêòîâ,
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ïàðàìåòð 0 < γ < 1 íàçûâàåòñÿ âèäíîñòüþ èíòåðôåðåíöèîííîé êàðòèíû. Ïðå-

îáðàçîâàíèå ïðîñòðàíñòâåííîãî àðãóìåíòà çàäàåòñÿ ãëàäêèì îáðàòèìûì ïðå-

îáðàçîâàíèåì y = g−1(x) : Ω̄ → Ω̄. Êðàåâûå óñëîâèÿ ìîäåëèðóþò óñëîâèÿ

íåïðîíèöàåìîñòè íà ãðàíèöå Γ îáëàñòè Ω, ãäå n âåêòîð âíåøíåé íîðìàëè ê

ãðàíèöå Γ. Íà÷àëüíî-êðàåâóþ çàäà÷ó (6) ïðèíÿòî ñ÷èòàòü ìàòåìàòè÷åñêîé ìî-

äåëüþ ãåíåðàòîðà îïòè÷åñêîãî èçëó÷åíèÿ ñ ïðåîáðàçîâàíèåì ïðîñòðàíñòâåííîãî

àðãóìåíòà â êîíòóðå îáðàòíîé ñâÿçè. Îòìåòèì, ÷òî â ñëó÷àå âðåìåííîãî çàïàç-

äûâàíèÿ â êîíòóðå îáðàòíîé ñâÿçè ñîãëàñíî (2),(3), (6) äëÿ îïðåäåëåíèÿ u(x, t)

áóäåì èìåòü íà÷àëüíî-êðàåâóþ çàäà÷ó

τ∂tu(x, t) + u(x, t)−D∆u(x, t) = F (u(y, t− T )), ∂nu(x, t)|Γ = 0, (7)

ãäå T > 0 âðåìÿ çàïàçäûâàíèÿ. Îïðåäåëåíèå íà÷àëüíûõ óñëîâèé òðåáóåò ââåäå-

íèÿ ñïåöèàëüíûõ ôóíêöèîíàëüíûõ ïðîñòðàíñòâ, ÷òî áóäåò ñäåëàíî â äàëüíåé-

øåì.

Îáúåêòîì èññëåäîâàíèÿ â äèññåðòàöèè ÿâëÿåòñÿ íà÷àëüíî-êðàåâàÿ çàäà÷à (7)

â êðóãå |x| = (x21+x22) ≤ R ñ óñëîâèÿìè íà ãðàíèöå ∂ρu(R, t) = 0. Ðàññìàòðèâà-

þòñÿ äâà âèäà ïðåîáðàçîâàíèÿ g(y): ïðåîáðàçîâàíèå (îïåðàòîð) ïîâîðîòà â êðó-

ãå, çàäàâàåìîå â ïîëÿðíûõ êîîðäèíàòàõ y = (ρ, ϕ) ïî ôîðìóëå g(y) = (ρ, ϕ+ θ)

è ïðåîáðàçîâàíèå ðàñòÿæåíèÿ ïîëÿðíûõ ðàäèóñîâ g(y) = (αρ, ϕ), α > 1. Â ñî-

îòâåòñòâèè (5) â

F(u, g) = K(1+γ cos(u(ρ, ϕ+θ, t−T )), F(u, g) = α−2K(1+γ cos(u(ρ/α, ϕ, t−T )).

(8)

Ãåíåðàòîðû îïòè÷åñêîãî èçëó÷åíèÿ èñïîëüçóþñÿ â îïòè÷åñêèõ ñèñòåìàõ ïå-

ðåäà÷è è îïòè÷åñêèõ êîìïüþòåðàõ. Èõ ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå è íà ýòîé

îñíîâå èññëåäîâàíèå ìåõàíèçìîâ èõ ðàáîòû ïðåäñòàâëÿåò ñîáîé âåñüìà àêòóàëü-

íóþ çàäà÷ó. Ïðîñòðàíñòâåííî íåîäíîðîäíûå ðåøåíèÿ, èññëåäîâàíèþ êîòîðûõ



8

ïîñâÿùåíà äèññåðòàöèÿ, èñïîëüçîâóþòñÿ êàê íîñèòåëè èíôîðìàöèè â îïòè÷å-

ñêèõ è âîëîêîííî-îïòè÷åñêèõ ñèñòåìàõ ñâÿçè. Èõ ïðîñòðàíñòâåííàÿ íåîäíîðîä-

íîñòü èñïîëüçóåòñÿ äëÿ êîäèðîâàíèÿ è óïëîòíåíèÿ èíôîðìàöèè. Â ñâÿçè ñ ýòèì

ðåøàåìûå â äèññåðòàöèè çàäà÷è ÿâëÿþòñÿ âåñüìà àêòóàëüíûìè.

Ñòåïåíü ðàçðàáîòàííîñòè òåìû.

Íà÷àëüíî-êðàåâàÿ çàäà÷à (6), ìîäåëèðóþùàÿ îïòè÷åñêèé ãåíåðàòîð, íå ó÷è-

òûâàþùèé çàïàçäûâàíèÿ êîíòóðå îáðàòíîé ñâÿçè ðàññìàòðèâàëàñü â áîëüøîì

êîëè÷åñòâå ðàáîò. Îòìåòèì íàèáîëåå ñóùåñòâåííûå. Âî-ïåðâûõ, ýòî ðàáîòû Àõ-

ìàíîâà Ñ. À., Âîðîíöîâà Ì. À., Èâàíîâà Â.Þ. [1, 2, 3, 65], ãäå ïðèâåäåí àêêó-

ðàòíûé âûâîä ìàòåìàòè÷åñêîé ìîäåëè, íåêîòîðûå ýêñïåðèìåíòàëüíûå äàííûå

è ðåçóëüòàòû ÷èñëåííîãî ìîäåëèðîâàíèÿ. Â ðàáîòàõ Êàùåíêî Ñ.À. [16, 68] äëÿ

íà÷àëüíî-êðàåâîé çàäà÷è (6) íà îêðóæíîñòè ñòðîÿòñÿ àñèìïòîòè÷åñêèå ðàçëî-

æåíèÿ ïðîñòðàíñòâåííî-íåîäíîðîäíûõ ðåøåíèé. Îòìåòèì ðàáîòû Áåëàíà Å.Ï

[5, 6, 7], â êîòîðûõ ðàññìîòðåíû âîïðîñû ðàçðåøèìîñòè íà÷àëüíî-êðàåâîé çàäà-

÷è, ïîêàçàíà âîçìîæíîñòü áèôóðêàöèè Àíäðîíîâà-Õîïôà. Âî âòîðîé ðàáîòå â

êà÷åñòâå ìåòîäà èññëåäîâàíèÿ èñïîëüçóåòñÿ ìåòîä Ãàëåðêèíà â ñî÷åòàíèè ñ ìå-

òîäîì èíòåãðàëüíûõ ìíîãîîáðàçèé. Ïîñòðîåíû àñèìïòîòè÷åñêèå ôîðìóëû áå-

ãóùèõ âîëí. Îáñóæäàåòñÿ õàðàêòåð èõ âçàèìîäåéñòâèÿ. Â ðàáîòàõ Ñêóáà÷åâñêî-

ãî À.À. [54, 55, 83] èçó÷àåòñÿ ìíîãîìåðíûå ñëó÷àé ðàññìàòðèâàåìîé íà÷àëüíî-

êðàåâîé çàäà÷è ñ îïåðàòîðîì ïðåîáðàçîâàíèÿ ïðîñòðàíñòâåííûõ êîîðäèíàò îá-

ùåãî âèäà. Ðàññìîòðåíû âîïðîñû ñóùåñòâîâàíèÿ ðåøåíèé è èõ åäèíñòâåííîñòè.

Äëÿ óêàçàííîãî êëàññà ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûõ óðàâíåíèé, ïîêàçà-

íà âîçìîæíîñòü áèôóðêàöèè Àíäðîíîâà-Õîïôà áåãóùèõ âîëí. Áîëüøîå êîëè-

÷åñòâî ðàáîò ïðèíàäëåæèò Ðàçãóëèíó À.Â. [39]- [47], [66, 67]. Â çíà÷èòåëüíîé

ñòåïåíè îíè ñóììèðîâàíû â åãî äîêòîðñêîé äèññåðòàöèè [49] ãäå ïîäðîáíî ðàñ-

ñìîòðåíû âîïðîñû ðàçðåøèìîñòè ðàçëè÷íûõ ïîñòàíîâîê çàäà÷. Çíà÷èòåëüíàÿ
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÷àñòü ðàáîòû óäåëåíà ïîñòðîåíèþ ÷èñëåííûõ ìåòîäîâ ðåøåíèþ ðàññìàòðèâà-

åìûõ çàäà÷. Ñ îáùèõ ïîçèöèé ðàññìîòðåíû âîïðîñû ðàçìåðíîñòè àòòðàêòî-

ðîâ. Â ðàáîòå èìååòñÿ áîëüøàÿ áèáëèîãðàôèÿ ïî ðàññìàòðèâàåìîé ïðîáëåìå.

Â íàñòîÿùåå âðåìÿ èìåþòñÿ ó÷åáíûå ïîñîáèÿ äëÿ ñòóäåíòîâ, ïîñâÿùåííûå ðàñ-

ñìàòðèâàåìîìó êëàññó óðàâíåíèé [50, 51]. Âîïðîñ áèôóðêàöèè áåãóùèõ âîëí

íà îêðóæíîñòè ðàññìîòðåí â ðàáîòå Ðàçãóëèíà À. Â., Ðîìàíåíêî T. E. [48]. Â

ðàáîòå èñïîëüçóåòñÿ ñïåöèàëüíûé ïðèåì, ñâÿçàííûé ñ ïåðåõîäîì ê âðàùàþùåé-

ñÿ ñèñòåìå êîîðäèíàò. Ê ïîñòðîåíèþ äðóãèõ àâòîêîëåáàòåëüíûõ ðåøåíèé îí íå

ïðèìåíèì.

Èçó÷àåìûå â äèññåðòàöèè çàäà÷è � ó÷åò âëèÿíèÿ çàïàçäûâàíèÿ â êîíòóðå îá-

ðàòíîé ñâÿçè ìàòåìàòè÷åñêîé ìîäåëè îïòè÷åñêîãî ãåíåðàòîðà� îòíîñÿòñÿ ê ìà-

ëîèçó÷åííûì. Íàëè÷èå çàïàçäûâàíèÿ âíîñèò íîâûå çíà÷èòåëüíûå îñîáåííîñòè

â èçó÷àåìóþ íà÷àëüíî-êðàåâóþ çàäà÷ó. Çàïàçäûâàíèå âíîñèò â çàäà÷ó áîëüøóþ

íåóñòîé÷èâîñòü ê èçìåíåíèþ ïàðàìåòðîâ. Â ðàáîòàõ Êóáûøêèíà Å.Ï., Ìîðÿêî-

âîé À.Â. [71, 72] ÷àñòíûé ñëó÷àé èçó÷àåìîé ìàòåìàòè÷åñêîé ìîäåëè � èçâåñòíîå

óðàâíåíèå ñ çàïàçäûâàíèåì Èêåäû. Ïîêàçàíî, ÷òî â ýòîì óðàâíåíèè âîçìîæíî

ñóùåñòâîâàíèå âåñüìà ñëîæíûõ àòòðàêòîðîâ, â òîì ÷èñëå õàîòè÷åñêèõ, à òàêæå

õàîòè÷åñêîé ìóëüòèñòàáèëüíîñòè. Â äèññåðòàöèè ïðîâåäåíî ïîëíîå èññëåäîâà-

íèå âîçìîæíûõ âàðèàíòîâ ïîòåðè óñòîé÷èâîñòè îäíîðîäíûìè ñîñòîÿíèÿìè ðàâ-

íîâåñèÿ íà÷àëüíî-êðàåâîé çàäà÷è (7), â çàâèñèìîñòè îò ïàðàìåòðîâ óðàâíåíèÿ

è âåëè÷èíû çàïàçäûâàíèÿ ðàññìîòðåíû âîçìîæíûå êðèòè÷åñêèå ñëó÷àè ïîòå-

ðè óñòîé÷èâîñòè, àíàëèç áèôóðêàöèé àâòîêîëåáàòåëüíûõ ðåøåíèé, ñâÿçàííûõ ñ

èçìåíåíèÿìè ïàðàìåòðîâ óðàâíåíèÿ è çàïàçäûâàíèÿ è îáóñëîâëåííûå ïîòåðåé

óñòîé÷èâîñòè îäíîðîäíûõ ñîñòîÿíèé ðàâíîâåñèÿ. Ðàññìîòðåíû äâà âèäà îïå-

ðàòîðîâ ïðåîáðàçîâàíèÿ ïðîñòðàíñòâåííûõ êîîðäèíàò: îïåðàòîð ïîâîðîòà íà

çàäàííûé óãîë è îïåðàòîð ðàñòÿæåíèÿ ïîëÿðíûõ ðàäèóñîâ. Ýòè ðåçóëüòàòû ÿâ-

ëÿþòñÿ íîâûìè è íèãäå ðàíåå íå ðàññìàòðèâàëèñü.
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Öåëü äèññåðòàöèîííîãî èññëåäîâàíèÿ

Öåëüþ äèññåðòàöèîííîãî èññëåäîâàíèÿ ÿâëÿåòñÿ èçó÷åíèå óñëîâèé è ìåõà-

íèçìîâ âîçíèêíîâåíèÿ ïðîñòðàíñòâåííî-íåîäíîðîäíûõ ðåøåíèé

íà÷àëüíî-êðàåâîé çàäà÷è äëÿ ïàðàáîëè÷åñêîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ

ñ îïåðàòîðîì ïðåîáðàçîâàíèÿ ïðîñòðàíñòâåííûõ êîîðäèíàò è çàïàçäûâàíèåì

â íåëèíåéíîì ôóíêöèîíàëå îáðàòíîé ñâÿçè. Íà÷àëüíî-êðàåâàÿ çàäà÷à êîòîðàÿ

ÿâëÿåòñÿ ìàòåìàòè÷åñêîé ìîäåëüþ ãåíåðàòîðà îïòè÷åñêîãî èçëó÷åíèÿ ñ îïåðà-

òîðîì ïðåîáðàçîâàíèÿ êîîðäèíàò â êîíòóðå äâóìåðíîé çàïàçäûâàþùåé îáðàò-

íîé ñâÿçè è òîíêèì ñëîåì íåëèíåéíîé ñðåäû.

Çàäà÷è äèññåðòàöèîííîãî èññëåäîâàíèÿ

Íà îñíîâå ñôîðìóëèðîâàííîé âûøå öåëè ðàññìàòðèâàþòñÿ ñëåäóþùèå çàäà-

÷è:

1. Ìàòåìàòè÷åñêàÿ ïîñòàíîâêà íà÷àëüíî-êðàåâûõ äëÿ íåëèíåéíîãî ïàðàáî-

ëè÷åñêîãî óðàâíåíèÿ ñ çàïàçäûâàþùèì àðãóìåíòîì è îïåðàòîðàìè ïîâîðîòà è

ðàñòÿæåíèÿ ïðîñòðàíñòâåííûõ êîîðäèíàò. Îïðåäåëåíèå ôóíêöèîíàëüíûõ ïðî-

ñòðàíñòâ äëÿ íà÷àëüíûõ óñëîâèé è ðåøåíèé

íà÷àëüíî-êðàåâîé çàäà÷è, äîêàçàòåëüñòâî òåîðåìû ñóùåñòâîâàíèÿ è åäèíñòâåí-

íîñòè ðåøåíèÿ, íåïðåðûâíîé çàâèñèìîñòè ðåøåíèÿ îò íà÷àëüíûõ óñëîâèé è

ïàðàìåòðîâ óðàâíåíèÿ.

2. Èññëåäîâàíèå äèíàìèêè îäíîðîäíûõ ñîñòîÿíèé ðàâíîâåñèÿ íåëèíåéíîé

íà÷àëüíî-êðàåâîé çàäà÷è â çàâèñèìîñòè îò ïàðàìåòðîâ óðàâíåíèÿ.

3. Ïîñòðîåíèå êàðòèíû D-ðàçáèåíèé (îáëàñòåé óñòîé÷èâîñòè è íåóñòîé÷èâî-

ñòè ðåøåíèé) ïëîñêîñòè îñíîâíûõ ïàðàìåòðîâ óðàâíåíèÿ è èññëåäîâàíèå ìåõà-

íèçìîâ ïîòåðè óñòîé÷èâîñòè (êðèòè÷åñêèõ ñëó÷àåâ ïîòåðè óñòîé÷èâîñòè) ðåøå-

íèé íà÷àëüíî-êðàåâîé çàäà÷è â ñëó÷àå îïåðàòîðà ïîâîðîòà ïðîñòðàíñòâåííîãî

àðãóìåíòà.
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4. Èññëåäîâàíèå áèôóðêàöèé èç îäíîðîäíûõ ñîñòîÿíèé ðàâíîâåñèÿ

ïðîñòðàíñòâåííî-íåîäíîðîäíûõ ðåøåíèé äëÿ ðàçëè÷íûõ êðèòè÷åñêèõ ñëó÷àåâ

ïîòåðè óñòîé÷èâîñòè íà÷àëüíî-êðàåâîé çàäà÷è ñ îïåðàòîðîì ïîâîðîòà ïðîñòðàí-

ñòâåííîãî àðãóìåíòà. Ïîñòðîåíèå àñèìïòîòè÷åñêèõ ôîðìóë

ïðîñòðàíñòâåííî-íåîäíîðîäíûõ ðåøåíèé.

5. Ïîñòðîåíèå êàðòèíû D-ðàçáèåíèé (îáëàñòåé óñòîé÷èâîñòè è íåóñòîé÷èâî-

ñòè ðåøåíèé) ïëîñêîñòè îñíîâíûõ ïàðàìåòðîâ óðàâíåíèÿ è èññëåäîâàíèå ìåõà-

íèçìîâ ïîòåðè óñòîé÷èâîñòè ðåøåíèé íà÷àëüíî-êðàåâîé çàäà÷è â ñëó÷àå îïåðà-

òîðà ðàñòÿæåíèÿ ïðîñòðàíñòâåííîãî àðãóìåíòà.

6. Èññëåäîâàíèå áèôóðêàöèé èç îäíîðîäíûõ ñîñòîÿíèé ðàâíîâåñèÿ

ïðîñòðàíñòâåííî-íåîäíîðîäíûõ ðåøåíèé äëÿ ðàçëè÷íûõ êðèòè÷åñêèõ ñëó÷àåâ

ïîòåðè óñòîé÷èâîñòè íà÷àëüíî-êðàåâîé çàäà÷è ñ îïåðàòîðîì ðàñòÿæåíèÿ ïðî-

ñòðàíñòâåííîãî àðãóìåíòà. Ïîñòðîåíèå àñèìïòîòè÷åñêèõ ôîðìóë ïðîñòðàíñòâåííî-

íåîäíîðîäíûõ ðåøåíèé.

Ìåòîäîëîãèÿ è ìåòîäû èññëåäîâàíèÿ. Îñíîâíûìè ìåòîäàìè èññëåäî-

âàíèÿ ÿâëÿþòñÿ ìåòîä èíâàðèàíòíûõ (öåíòðàëüíûõ) ìíîãîîáðàçèé ðàñïðåäå-

ëåííûõ íåëèíåéíûõ äèíàìè÷åñêèõ ñèñòåì, ìåòîä íîðìàëüíûõ ôîðì íåëèíåé-

íûõ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, ìåòîä ïîñòðîåíèÿ óðàâíå-

íèé òðàåêòîðèé íà öåíòðàëüíîì ìíîãîîáðàçèè íåëèíåéíûõ äèôôåðåíöèàëü-

íûõ óðàâíåíèé ñ çàïàçäûâàþùèì àðãóìåíòîì, òåîðèÿ íåëèíåéíûõ îïåðàòîð-

íûõ óðàâíåíèé, êà÷åñòâåííàÿ òåîðèÿ è òåîðèÿ áèôóðêàöèé íåëèíåéíûõ îáûê-

íîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, ÷èñëåííûå ìåòîäû. Ïðè èññëåäîâà-

íèè óñòîé÷èâîñòè ðåøåíèé ðàññìàòðèâàåìûõ íà÷àëüíî-êðàåâûõ çàäà÷è øèðîêî

èñïîëüçóåòñÿ ìåòîä D-ðàçáèåíèé Íåéìàðêà Þ.È.

Íàó÷íàÿ íîâèçíà. Âñå ïðåäñòàâëåííûå â äèññåðòàöèè ðåçóëüòàòû ÿâëÿþò-

ñÿ íîâûìè. Íàó÷íàÿ íîâèçíà ïðîÿâëÿåòñÿ â ñëåäóþùåì:

1. Ïîñòàâëåíû íà÷àëüíî-êðàåâûå äëÿ íåëèíåéíîãî ïàðàáîëè÷åñêîãî óðàâíå-



12

íèÿ ñ çàïàçäûâàþùèì àðãóìåíòîì è îïåðàòîðîì ïîâîðîòà ïðîñòðàíñòâåí-

íûõ êîîðäèíàò è îïåðàòîðîì ðàñòÿæåíèÿ ïðîñòðàíñòâåííûõ êîîðäèíàò.

Äîêàçàíû òåîðåìû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ, íåïðåðûâ-

íîé çàâèñèìîñòè ðåøåíèÿ îò íà÷àëüíûõ óñëîâèé è ïàðàìåòðîâ óðàâíåíèÿ.

2. Èññëåäîâàíà äèíàìèêà îäíîðîäíûõ ñîñòîÿíèé ðàâíîâåñèÿ íà÷àëüíî-êðàåâûõ

äëÿ íåëèíåéíîãî ïàðàáîëè÷åñêîãî óðàâíåíèÿ ñ çàïàçäûâàþùèì àðãóìåí-

òîì è îïåðàòîðàìè ïîâîðîòà è ðàñòÿæåíèÿ ïðîñòðàíñòâåííûõ êîîðäèíàò

â çàâèñèìîñòè îò ïàðàìåòðîâ óðàâíåíèÿ. Âûÿâëåíû âîçìîæíûå ìåõàíèç-

ìû ïîòåðè óñòîé÷èâîñòè. Ïîñòðîåíû êàðòèíû D-ðàçáèåíèé ïðîñòðàíñòâà

îñíîâíûõ ïàðàìåòðîâ.

3. Èññëåäîâàíû âîçìîæíûå áèôóðêàöèè ïðîñòðàíñòâåííî-íåîäíîðîäíûõ ðå-

øåíèé (âîëí) íà÷àëüíî-êðàåâûõ äëÿ íåëèíåéíîãî ïàðàáîëè÷åñêîãî óðàâ-

íåíèÿ ñ çàïàçäûâàþùèì àðãóìåíòîì è îïåðàòîðàìè ïîâîðîòà è ðàñòÿæå-

íèÿ ïðîñòðàíñòâåííûõ êîîðäèíàò. Äëÿ íåîäíîðîäíûõ ðåøåíèé ïîñòðîåíû

àñèìïòîòè÷åñêèå ôîðìóëû.

Òåîðåòè÷åñêàÿ öåííîñòü è ïðàêòè÷åñêàÿ çíà÷èìîñòü. Äèññåðòàöèÿ

èìååò êàê òåîðåòè÷åñêîå, òàê è ïðèêëàäíîå çíà÷åíèå. Ïðîáëåìà ñàìîîðãàíèçà-

öèè ðàñïðåäåëåííûõ ñèñòåì, ò.å. èçó÷åíèå ìåõàíèçìîâ âîçíèêíîâåíèÿ

ïðîñòðàíñòâåííî-íåîäíîðîäíûõ ñòðóêòóð è âîëí â îäíîðîäíûõ ðàñïðåäåëåííûõ

ñèñòåìàõ èìååò âàæíîå ôóíäàìåíòàëüíîå çíà÷åíèå. Ãåíåðàòîðû îïòè÷åñêîãî èç-

ëó÷åíèÿ èñïîëüçóþòñÿ â îïòè÷åñêèõ ñèñòåìàõ ïåðåäà÷è è îïòè÷åñêèõ êîìïüþ-

òåðàõ. Èõ ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå è íà ýòîé îñíîâå èññëåäîâàíèå ìå-

õàíèçìîâ èõ ðàáîòû ïðåäñòàâëÿåò ñîáîé êàê òåîðåòè÷åñêóþ òàê è ïðèêëàäíóþ

çàäà÷ó.

Ïðîñòðàíñòâåííî-íåîäíîðîäíûå ðåøåíèÿ, èññëåäîâàíèþ êîòîðûõ ïîñâÿùåíà äèñ-

ñåðòàöèÿ, èñïîëüçóþòñÿ êàê íîñèòåëè èíôîðìàöèè â îïòè÷åñêèõ è âîëîêîííî-



13

îïòè÷åñêèõ ñèñòåìàõ ñâÿçè. Èõ ïðîñòðàíñòâåííàÿ íåîäíîðîäíîñòü èñïîëüçóåòñÿ

äëÿ êîäèðîâàíèÿ è óïëîòíåíèÿ èíôîðìàöèè.

Îñíîâíûå ðåçóëüòàòû. Íà çàùèòó äèññåðòàöèè âûíîñÿòñÿ ñëåäóþùèå îñ-

íîâíûå ïîëîæåíèÿ è ðåçóëüòàòû:

1. Ìàòåìàòè÷åñêàÿ ïîñòàíîâêà íà÷àëüíî-êðàåâûõ äëÿ íåëèíåéíûõ ïàðàáîëè-

÷åñêèõ óðàâíåíèé ñ çàïàçäûâàþùèì àðãóìåíòîì è ñîîòâåòñòâåííî ñ îïåðà-

òîðàì ïîâîðîòà è îïåðàòîðàì ðàñòÿæåíèÿ ïðîñòðàíñòâåííûõ êîîðäèíàò â

ôóíêöèîíàëå îáðàòíîé ñâÿçè. Îïðåäåëåíèå ôóíêöèîíàëüíûõ ïðîñòðàíñòâ

äëÿ íà÷àëüíûõ óñëîâèé è ðåøåíèé íà÷àëüíî-êðàåâîé çàäà÷è, äîêàçàòåëü-

ñòâî òåîðåìû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ, íåïðåðûâíîé çà-

âèñèìîñòè ðåøåíèÿ îò íà÷àëüíûõ óñëîâèé è ïàðàìåòðîâ óðàâíåíèÿ.

2. Èññëåäîâàíèå äèíàìèêè îäíîðîäíûõ ñîñòîÿíèé ðàâíîâåñèÿ íåëèíåéíûõ

íà÷àëüíî-êðàåâûõ çàäà÷ â çàâèñèìîñòè îò ïàðàìåòðîâ óðàâíåíèÿ.

3. Ïîñòðîåíèå êàðòèíû D-ðàçáèåíèé ïëîñêîñòè îñíîâíûõ ïàðàìåòðîâ óðàâíå-

íèÿ (îáëàñòåé óñòîé÷èâîñòè è íåóñòîé÷èâîñòè ðåøåíèé íà÷àëüíî-êðàåâîé

çàäà÷è) è èññëåäîâàíèå ìåõàíèçîâ ïîòåðè óñòîé÷èâîñòè (êðèòè÷åñêèõ ñëó-

÷àåâ ïîòåðè óñòîé÷èâîñòè) ðåøåíèé íà÷àëüíî-êðàåâîé çàäà÷è â ñëó÷àå îïå-

ðàòîðà ïîâîðîòà ïðîñòðàíñòâåííîãî àðãóìåíòà.

4. Èññëåäîâàíèå áèôóðêàöèé èç îäíîðîäíûõ ñîñòîÿíèé ðàâíîâåñèÿ ïðîñòðàí-

ñòâåííî íåîäíîðîäíûõ ðåøåíèé äëÿ ðàçëè÷íûõ êðèòè÷åñêèõ ñëó÷àåâ ïî-

òåðè óñòîé÷èâîñòè íà÷àëüíî-êðàåâîé çàäà÷è ñ îïåðàòîðîì ïîâîðîòà ïðî-

ñòðàíñòâåííîãî àðãóìåíòà. Ïîñòðîåíèå àñèìïòîòè÷åñêèõ ôîðìóë ïðîñòðàí-

ñòâåííî íåîäíîðîäíûõ ðåøåíèé.

5. Ïîñòðîåíèå êàðòèíû D-ðàçáèåíèé ïëîñêîñòè îñíîâíûõ ïàðàìåòîðîâ óðàâ-

íåíèÿ è èññëåäîâàíèå ìåõàíèçîâ ïîòåðè óñòîé÷èâîñòè ðåøåíèé íà÷àëüíî-
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êðàåâîé çàäà÷è â ñëó÷àå îïåðàòîðà ðàñòÿæåíèÿ ïðîñòðàíñòâåííîãî àðãó-

ìåíòà.

6. Èññëåäîâàíèå áèôóðêàöèé èç îäíîðîäíûõ ñîñòîÿíèé ðàâíîâåñèÿ ïðîñòðàí-

ñòâåííî íåîäíîðîäíûõ ðåøåíèé äëÿ ðàçëè÷íûõ êðèòè÷åñêèõ ñëó÷àåâ ïîòå-

ðè óñòîé÷èâîñòè íà÷àëüíî-êðàåâîé çàäà÷è ñ îïåðàòîðîì ðàñòÿæåíèÿ ïðî-

ñòðàíñòâåííîãî àðãóìåíòà. Ïîñòðîåíèå àñèìïòîòè÷åñêèõ ôîðìóë

ïðîñòðàíñòâåííî íåîäíîðîäíûõ ðåøåíèé.

Àïðîáàöèÿ ðàáîòû. Ðåçóëüòàòû èññëåäîâàíèé áûëè ïðåäñòàâëåíû â äî-

êëàäàõ íà ñëåäóþùèõ êîíôåðåíöèÿõ è ñåìèíàðàõ:

Ìåæäóíàðîäíàÿ íàó÷íàÿ êîíôåðåíöèÿ "Äèíàìèêà. 2019. ßðîñëàâëü". 10-12 îê-

òÿáðÿ 2019. ßðîñëàâëü. ßðÃÓ èì. Ï.Ã. Äåìèäîâà; Ìåæäóíàðîäíàÿ íàó÷íàÿ êîí-

ôåðåíöèÿ "Àêòóàëüíûå ïðîáëåìû ìàòåìàòè÷åñêîé ôèçèêè". 27-30 íîÿáðÿ 2019.

Ìîñêâà. ÌÃÓ èì. Ì.Â.Ëîìîíîñîâà; XXXI Êðûìñêàÿ Îñåííÿÿ Ìàòåìàòè÷åñêàÿ

Øêîëà-ñèìïîçèóì ïî ñïåêòðàëüíûì è ýâîëþöèîííûì çàäà÷àì. (ÊÐÎÌØ-2020).

Êðûì, ïîñ. Áàòèëèìàí 17-26 ñåíòÿáðÿ 2020 ã.; II ìåæäóíàðîäíàÿ êîíôåðåí-

öèÿ ïî èíòåãðèðóåìûì ñèñòåìàì è íåëèíåéíîé äèíàìèêå ISND-2020. ßðîñëàâëü

19-23 îêòÿáðÿ 2020. Second International Conference on Integrable Systems and

Nonlinear Dynamics ISND�2020. Yaroslavl, October 19�23 2020 ; XXVII Ìåæäó-

íàðîäíàÿ êîíôåðåíöèÿ ñòóäåíòîâ, àñïèðàíòîâ è ìîëîäûõ ó÷¼íûõ ¾Ëîìîíîñîâ¿

10-27 íîÿáðÿ 2020. Ìîñêâà. ÌÃÓ èì. Ì.Â.Ëîìîíîñîâà; Ñîâðåìåííûå ìåòîäû

òåîðèè ôóíêöèé è ñìåæíûå ïðîáëåìû. Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ : Âîðî-

íåæñêàÿ çèìíÿÿ ìàòåìàòè÷åñêàÿ øêîëà. Âîðîíåæ, 28 ÿíâàðÿ � 2 ôåâðàëÿ 2021

ã.; Âñåðîññèéñêàÿ ìîëîäåæíàÿ êîíôåðåíöèÿ "Ïóòü â íàóêó. Ìàòåìàòèêà". ßðî-

ñëàâëü, ßðÃÓ èì.Ï.Ã.Äåìèäîâà, 26 àïðåëÿ - 16 ìàÿ 2021 ã.

Ïðåäñòàâëåííûå ðåçóëüòàòû íåîäíîêðàòíî äîêëàäûâàëèñü íà ñåìèíàðå �Íåëè-

íåéíàÿ äèíàìèêà è ñèíåðãåòèêà� êàôåäðû ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ ßðî-

ñëàâñêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà èì. Ï.Ã. Äåìèäîâà.
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Ðåçóëüòàòû äèññåðòàöèîííîé ðàáîòû ïîëó÷åíû ïðè ôèíàíñîâîé ïîääåðæêå

ÐÔÔÈ (êîä ïðîåêòà 19 31 90133) è Ïðîãðàììû ðàçâèòèÿ ßðÃÓ íà ïåðèîä 2017-

2021 ãã. (çàäàíèå ÎÏ-2Ã-01-2019).

Ïóáëèêàöèè è âêëàä àâòîðà. Àíàëèòè÷åñêèå ðåçóëüòàòû ïîëó÷åíû àâ-

òîðîì ñîâìåñòíî ñ íàó÷íûì ðóêîâîäèòåëåì Êóáûøêèíûì Å.Ï., ÷èñëåííûå ðå-

çóëüòàòû ïîëó÷åíû ëè÷íî àâòîðîì. Êóáûøêèíó Å.Ï. òàêæå ïðèíàäëåæèò ðå-

äàêòèðîâàíèå ðàáîò, âûïîëíåííûõ ñîâìåñòíî.

Ïî òåìå äèññåðòàöèè îïóáëèêîâàíî 5 ñòàòåé â æóðíàëàõ, èíäåêñèðóåìûõ â

Scopus è Web of Science, à òàêæå ðåêîìåíäîâàííûõ ÂÀÊ, è 10 ðàáîò â äðóãèõ

æóðíàëàõ è òåçèñîâ äîêëàäîâ ìåæäóíàðîäíûõ êîíôåðåíöèé.

Îáúåì è ñòðóêòóðà äèññåðòàöèè. Äèññåðòàöèÿ ñîñòîèò èç ââåäåíèÿ, 2

ãëàâ, çàêëþ÷åíèÿ è ñïèñêà öèòèðóåìîé ëèòåðàòóðû. Ðàáîòà èçëîæåíà íà 105

ñòðàíèöàõ ìàøèíîïèñíîãî òåêñòà, ñîäåðæèò 34 ðèñóíêà. Áèáëèîãðàôè÷åñêèé

ðàçäåë ñîäåðæèò 87 íàèìåíîâàíèé.
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Ãëàâà 1

Èññëåäîâàíèå íåëèíåéíûõ âîëí â ïàðàáîëè÷åñêîì óðàâíåíèè ñ

îïåðàòîðîì ïîâîðîòà ïðîñòðàíñòâåííîãî àðãóìåíòà

1.1 Ìàòåìàòè÷åñêàÿ ïîñòàíîâêà çàäà÷è

Äëÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñ çàïàçäûâàþùèì àðãóìåíòîì

ut(ρ, ϕ, t) + u(ρ, ϕ, t) = D∆ρϕu(ρ, ϕ, t) +K(1 + γcos(uθ(ρ, ϕ, t− T ))) (1.1)

îòíîñèòåëüíî ôóíêöèè u(ρ, ϕ, t+s), çàäàííîé â ïîëÿðíûõ êîîðäèíàòàõ 0 ≤ ρ ≤

R, 0 ≤ ϕ ≤ 2π (R > 0) è t ≥ 0,−T ≤ s ≤ 0 (T > 0), â êîòîðîì ∆ρϕ - îïåðàòîð

Ëàïëàñà â ïîëÿðíûõ êîîðäèíàòàõ, uθ(ρ, ϕ, t) ≡ u(ρ, (ϕ+ θ)mod(2π), t) (0 ≤ θ <

2π) � îïåðàòîð ïîâîðîòà ïðîñòðàíñòâåííîãî àðãóìåíòà, D,K � ïîëîæèòåëüíûå

ïîñòîÿííûå, 0 < γ < 1, â îáëàñòè K̄R × R+, ãäå êðóã K̄R = {(ρ, ϕ) : 0 ≤ ρ ≤

R, 0 ≤ ϕ ≤ 2π}, R+ = {t : 0 ≤ t < ∞}, ðàññìàòðèâàåòñÿ íà÷àëüíî-êðàåâàÿ

çàäà÷à âèäà

uρ(R, ϕ, t) = 0, u(ρ, 0, t) = u(ρ, 2π, t), uϕ(ρ, 0, t) = uϕ(ρ, 2π, t),

u(ρ, ϕ, t+ s)|t=0 = u0(ρ, ϕ, s) ∈ H0(KR;−T, 0). (1.2)

Â (1.2) ïðîñòðàíñòâî íà÷àëüíûõ óñëîâèéH0(KR;−T, 0) = {u(ρ, ϕ, s) : u(ρ, ϕ, s) ∈

C(K̄R × [−T, 0]), u(ρ, 0, s) = u(ρ, 2π, s), uϕ(ρ, 0, s) = uϕ(ρ, 2π, s), ïðè êàæäîì

s u(ρ, ϕ, s) ∈ H2(KR)}}, ãäå ïðîñòðàíñòâî ôóíêöèé H2(KR) ⊂ W 2
2 (KR) è ïî-
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ëó÷åíî çàìûêàíèåì ìíîæåñòâà ôóíêöèé { u(ρ, ϕ) : u(ρ, ϕ) ∈ C2(K̄R), uρ(R, ϕ) =

0, u(ρ, 0) = u(ρ, 2π), uϕ(ρ, 0) = uϕ(ρ, 2π)} â ìåòðèêå ïðîñòðàíñòâà ôóíêöèé

W 2
2 (KR). Â äàëüíåéøåì L2(KR) � ïðîñòðàíñòâî âåùåñòâåííîçíà÷íûõ îïðåäå-

ëåííûõ â KR ôóíêöèé u(ρ, ϕ), äëÿ êîòîðûõ ||u(ρ, ϕ)||L2
= (u(ρ, ϕ), u(ρ, ϕ))

1/2
L2

<

∞,(u(ρ, ϕ), v(ρ, ϕ))L2
=
∫
KR
ρu(ρ, ϕ)v(ρ, ϕ)dρdϕ, çäåñü è â äàëüíåéøåìW 2

2 (KR) ⊂

L2(KR), W
2
2 (KR) = {u(ρ, ϕ) : ||u(ρ, ϕ)||W 2

2
= (u(ρ, ϕ), u(ρ, ϕ))

1/2

W 2
2
< ∞,

(u(ρ, ϕ), v(ρ, ϕ))W 2
2

= (u(ρ, ϕ), v(ρ, ϕ))L2
+ (∆ρϕu(ρ, ϕ),∆ρϕv(ρ, ϕ))L2

, C(K̄R) è

C2(K̄R) ïðîñòðàíñòâà íåïðåðûâíûõ è äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìûõ

â K̄R ôóíêöèé, äëÿ êîòîðûõ îïðåäåëåíà íîðìà ||u(ρ, ϕ)||C = maxρ,ϕ |u(ρ, ϕ)|,

||u(ρ, ϕ)||C2 = ||u(ρ, ϕ)||C + ||∆ρϕu(ρ, ϕ)||C <∞.

Ôàçîâûì ïðîñòðàíñòâîì íà÷àëüíî-êðàåâîé çàäà÷è (1.1)-(1.2) ÿâëÿåòñÿ ïðî-

ñòðàíñòâî H(KR;−T, 0) = {u(ρ, ϕ, s) : u(ρ, ϕ, s) ∈ L2(KR) ïðè êàæäîì −T ≤

s ≤ 0, ||u(ρ, ϕ, s)||L2
∈ C([−T, 0])}, íîðìó â êîòîðîì îïðåäåëèì êàê

||u(ρ, ϕ, s)||H = maxs ||u(ρ, ϕ, s)||L2
. Îáëàñòüþ îïðåäåëåíèÿ ïðàâîé ÷àñòè óðàâ-

íåíèÿ (1.1) ÿâëÿåòñÿ ïðîñòðàíñòâî H0(KR;−T, 0), Íîðìó â H0(KR;−T, 0) îïðå-

äåëèì êàê ||u(ρ, ϕ, s)||H0
= maxs ||u(ρ, ϕ, s)||W 2

2
.

Ïîä ðåøåíèåì íà÷àëüíî-êðàåâîé çàäà÷è (1.1)-(1.2), îïðåäåëåííûì ïðè t > 0,

áóäåì ïîíèìàòü ôóíêöèþ u(ρ, ϕ, t + s) ∈ H0(KR;−T, 0) (ïðè êàæäîì t > 0),

íåïðåðûâíî äèôôåðåíöèðóåìóþ ïî t ïðè t > 0, îáðàùàþùóþ óðàâíåíèå (1.1)

â òîæäåñòâî è óäîâëåòâîðÿþùóþ íà÷àëüíûì óñëîâèÿì (1.2).

Ðåøåíèå íà÷àëüíî-êðàåâîé çàäà÷è (1.1)-(1.2) ìîæåò áûòü ïîñòðîåíî ìåòî-

äîì øàãîâ ñëåäóþùèì îáðàçîì. Ðåøåíèå u(ρ, ϕ, t+ s) íà÷àëüíî-êðàåâîé çàäà÷è

(1.1)-(1.2) ïîñòðîèì ïîñëåäîâàòåëüíî íà îòðåçêàõ tk−1 ≤ t ≤ tk, tk = Tk, k =

1, 2, . . . , t0 = 0. Çíà÷åíèÿ u(ρ, ϕ, t) íà óêàçàííûõ îòðåçêàõ îáîçíà÷èì ñîîòâåò-

ñòâåííî ÷åðåç u(k)(ρ, ϕ, t). Â ðåçóëüòàòå äëÿ îïðåäåëåíèÿ u(k)(ρ, ϕ, t) ïîëó÷èì
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ðåêóððåíòíóþ ïîñëåäîâàòåëüíîñòü íà÷àëüíî-êðàåâûõ çàäà÷ âèäà

u
(k)
t + u(k) −D∆ρϕu

(k) = K(1 + γcos(u
(k−1)
θ (ρ, ϕ, t− T ))) ≡

≡ f (k)(ρ, ϕ, t) (tk−1 ≤ t ≤ tk), (1.3)

u(k)ρ (R, ϕ, t) = 0, u(k)(ρ, 0, t) = u(k)(ρ, 2π, t), u
(k)
ϕ (ρ, 0, t) = u

(k)
ϕ (ρ, 2π, t), (1.4)

u(k)(ρ, ϕ, tk−1) = u(k−1)(ρ, ϕ, tk−1), u
(1)(ρ, ϕ, 0) = u0(ρ, ϕ, 0), k = 1, 2, . . . , (1.5)

â êîòîðûõ ïðàâàÿ ÷àñòü óðàâíåíèé (1.3) è íà÷àëüíûå óñëîâèÿ (1.5) íà êàæäîì

øàãå âïîëíå îïðåäåëåííûå ôóíêöèè. Ðåøåíèÿ (1.3)-(1.5) çàäàþòñÿ ôîðìóëîé

u(k)(ρ, ϕ, t) =

∫
KR

ρ1G(ρ, ϕ, t, ρ1, ϕ1)u
(k−1)(ρ1, ϕ1, tk−1)dρ1dϕ1+

+

∫ t

0

∫
KR

ρ1G(ρ, ϕ, t− τ, ρ1, ϕ1)f
(k)(ρ1, ϕ1, τ)dρ1dϕ1dτ, k = 1, 2, . . . , (1.6)

ãäå G(ρ, ϕ, t, ρ1, ϕ1) ôóíêöèÿ Ãðèíà îäíîðîäíîé ÷àñòè (ïðè f (k)(ρ, ϕ, t) ≡ 0) êðà-

åâîé çàäà÷è (1.3)-(1.4). Èç (1.6) òàêæå ñëåäóåò åäèíñòâåííîñòü ðåøåíèÿ íà÷àëüíî-

êðàåâîé çàäà÷è (1.1)-(1.2) è åãî íåïðåðûâíàÿ çàâèñèìîñòü îò íà÷àëüíûõ óñëî-

âèé è ïàðàìåòðîâ óðàâíåíèÿ, ò.å. êîððåêòíîñòü ïîñòàâëåííîé íà÷àëüíî-êðàåâîé

çàäà÷è, à òàêæå íàðàñòàíèå ãëàäêîñòè ðåøåíèÿ ïî ïåðåìåííîé t ïðè t → ∞,

ñâîéñòâåííîå ðåøåíèÿì óðàâíåíèé ñ çàïàçäûâàþùèì àðãóìåíòîì.

Â ðàáîòå èçó÷àåòñÿ äèíàìèêà îäíîðîäíûõ ñîñòîÿíèé ðàâíîâåñèÿ (1.1)-(1.2)

â çàâèñèìîñòè îò ïàðàìåòðîâ K, θ, γ, T,D, èõ óñòîé÷èâîñòü, à òàêæå õàðàêòåð

ïîòåðè óñòîé÷èâîñòè è áèôóðöèðóþùèå ïðè ýòîì àâòîêîëåáàòåëüíûå ðåøåíèÿ.
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1.2 Àíàëèç äèíàìèêè îäíîðîäíûõ ñîñòîÿíèé ðàâíîâåñèÿ è èõ óñòîé÷èâîñòè

Îäíîðîäíûå ñîñòîÿíèÿ ðàâíîâåñèÿ u∗ = u∗(K, γ) íà÷àëüíî-êðàåâîé çàäà÷è

(1.1)-(1.2) îïðåäåëÿþòñÿ êàê ðåøåíèÿ óðàâíåíèÿ

u = K(1 + γcos(u)). (1.7)

Óðàâíåíèå (1.7) â çàâèñèìîñòè îò K è γ ìîæåò èìåòü íåñêîëüêî ðåøåíèé, â òîì

÷èñëå êðàòíûå. Èññëåäóåì óñëîâèÿ âîçíèêíîâåíèÿ ñîñòîÿíèé ðàâíîâåñèÿ, èõ

óñòîé÷èâîñòü è ìåõàíèçìû ïîòåðè óñòîé÷èâîñòè â çàâèñèìîñòè îò ïàðàìåòðîâ

óðàâíåíèÿ (1.1).

Âûáåðåì îäíî èç ðåøåíèé u∗ = u∗(K, γ) óðàâíåíèÿ (1.7) è çàïèøåì íà÷àëüíî-

êðàåâóþ çàäà÷ó (1.1)-(1.2) â åãî îêðåñòíîñòè, çàìåíèâ u(ρ, ϕ, t) → u∗(K, γ) +

u(ρ, ϕ, t). Â ðåçóëüòàòå ïîëó÷èì íà÷àëüíî-êðàåâóþ çàäà÷ó

ut(ρ, ϕ, t) + u(ρ, ϕ, t) = D∆ρϕu(ρ, ϕ, t)− buθ(ρ, ϕ, t− T )+

+ b2u
2
θ(ρ, ϕ, t− T )/2 + bu3θ(ρ, ϕ, t− T )/6 + . . . , (1.8)

uρ(R, ϕ, t) = 0, u(ρ, 0, t) = u(ρ, 2π, t), uϕ(ρ, 0, t) = uϕ(ρ, 2π, t),

u(ρ, ϕ, s) = u0(ρ, ϕ, s) ∈ H1(KR;−T, 0), (1.9)

b = Kγ sin(u∗(K, γ)), b2 = −Kγ cos(u∗(K, γ)), (1.10)

ãäå òî÷êàìè îáîçíà÷åíû ñëàãàåìûå, èìåþùèå ïî uθ(ρ, ϕ, t − T ) áîëåå âûñîêèé

ïîðÿäîê ìàëîñòè.

Ðàññìîòðèì ëèíåéíóþ ÷àñòü (1.8)-(1.9)

ut(ρ, ϕ, t) + u(ρ, ϕ, t) = D∆ρϕu(ρ, ϕ, t)− buθ(ρ, ϕ, t− T ), (1.11)

uρ(R, ϕ, t) = 0, u(ρ, 0, t) = u(ρ, 2π, t), uϕ(ρ, 0, t) = uϕ(ρ, 2π, t),
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u(ρ, ϕ, s) = u0(ρ, ϕ, s) ∈ H1(KR;−T, 0). (1.12)

Îïðåäåëÿÿ ðåøåíèÿ (1.11)-(1.12) âèäà u(ρ, ϕ, t) = u(ρ, ϕ)eλt, λ ∈ C (ðåøåíèÿ

Ýéëåðà) ïîëó÷èì ïó÷îê îïåðàòîðîâ

P (λ)u(ρ, ϕ) ≡ λu(ρ, ϕ) + u(ρ, ϕ)−D∆ρ,ϕu(ρ, ϕ) + buθ(ρ, ϕ)e
−λT , (1.13)

äåéñòâóþùèé â L̃2(KR) ñ îáëàñòüþ îïðåäåëåíèÿ H̃2(KR), òî÷êè ñïåêòðà êîòî-

ðîãî îïðåäåëÿþò óñòîé÷èâîñòü ðåøåíèé íà÷àëüíî-êðàåâîé çàäà÷è (1.11)-(1.12),

à ñîîòâåòñòâóþùèå èì ñîáñòâåííûå ôóíêöèè ðåøåíèÿ èñêîìîãî âèäà. Çäåñü è â

äàëüíåéøåì çíàêîì �òèëüäå� áóäåì îáîçíà÷àòü êîìïëåêñíîå ðàñøèðåíèå ñîîò-

âåòñòâóþùåãî ôóíêöèîíàëüíîãî ïðîñòðàíñòâà, ñêàëÿðíîå ïðîèçâåäåíèå è íîðìà

â êîòîðîì îáîáùàåòñÿ ñòàíäàðòíûì îáðàçîì. Ïðåäñòàâèì u(ρ, ϕ) â âèäå

u(ρ, ϕ) = u0(ρ)v00 +
∞∑

n=−∞

∞∑
j=1

uj(ρ, nϕ)vnj, u0(ρ) =
1√
πR

, uj(ρ, nϕ) =
Rnj(ρ)e

inϕ

(2π)1/2
,

Rnj(ρ) =

√
2/RJn(γnjρ/R)

(1− n2/γ2jn)
1/2|Jn(γnj)|

(n ≥ 0), R−nj(ρ) = Rnj(ρ), uj(ρ, 0) ≡ uj(ρ),

(Rnj(ρ), Rnp(ρ)) =∫ R

0

ρRnj(ρ)Rnp(ρ)dρ = δjp, i =
√
−1, v00, v0j ∈ R, vnj ∈ C, v−nj = v̄nj, (1.14)

ãäå Jn(ρ) ôóíêöèè Áåññåëÿ ïåðâîãî ðîäà n - ãî ïîðÿäêà, γnj j -é ïîëîæèòåëüíûé

íîëü ôóíêöèè J ′
n(ρ), γ00 = 0, à δjp � ñèìâîë Êðîíåêåðà. Ôóíêöèè uj(ρ, nϕ),

ÿâëÿÿñü ïîëíîé ñèñòåìîé ñîáñòâåííûõ ôóíêöèé îïåðàòîðà Ëàïëàñà, îáðàçóþò

îðòîãîíàëüíûé áàçèñ â H̃2(KR) è îðòîíîðìèðîâàííûé â L̃2(KR). Ïîäñòàâèì

(1.14) â (1.13). Â ðåçóëüòàòå ïîëó÷èì ïîñëåäîâàòåëüíîñòü óðàâíåíèé

(λ+ 1 +Dγ2nj + beinθ−λT )vnj = 0,
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èç êîòîðûõ íåíóëåâûå v00, vnj n = 0, 1, 2, ..., j = 1, 2, ..., ìîãóò áûòü âûáèðàíû

ëèøü ïðè óñëîâèè

Pnj(λ) ≡ λ+ 1 +Dγ2nj + beinθ−λT = 0. (1.15)

Êîðíè óðàâíåíèé (1.15) (è êîìïëåêñíî ñîïðÿæåííûå èì) îïðåäåëÿþòñÿ âñå ìíî-

æåñòâî òî÷åê ñïåêòðà ïó÷êà îïåðàòîðîâ (1.13) è îòâå÷àþò çà óñòîé÷èâîñòü ðå-

øåíèé (1.11)-(1.12).

Ïîñòðîèì â ïðîñòðàíñòâå ïàðàìåòðîâ K, θ, T,D, γ îáëàñòè óñòîé÷èâîñòè ðå-

øåíèé (1.11)-(1.12). Äëÿ ýòîãî âîñïîëüçóåìñÿ ìåòîäîì D - ðàçáèåíèé [38], â

ñîîòâåòñòâèè ñ êîòîðûì ïîëîæèì â óðàâíåíèÿõ (1.15) λ = iω, −∞ < ω < ∞

è ïðèðàâíÿåì íóëþ âåùåñòâåííóþ è ìíèìóþ ÷àñòè êàæäîãî óðàâíåíèÿ. Â ðå-

çóëüòàòå ïîëó÷èì âûðàæåíèÿ

1 +Dγ2nj + b cos(nθ − ωT ) = 0, ω + b sin(nθ − ωT ) = 0, (1.16)

êîòîðûå ýêâèâàëåíòíû ðàâåíñòâàì

b = −(1 +Dγ2nj)/ cos(nθ − ωT ), tg(θ − ωT ) = ω/(1 +Dγ2nj). (1.17)

Âûðàçèâ òåïåðü èç âòîðîãî ðàâåíñòâà (1.17) nθ − ωT è ïîäñòàâèâ â ïåðâîå,

à òàêæå ðàçðåøèâ åãî îòíîñèòåëüíî θ ïîëó÷èì ïîëó÷èì ïîñëåäîâàòåëüíîñòü

âûðàæåíèé

b = bn(D,ω) = (−1)k+1(1 +Dγ2nj)/ cos(arctg(ω/(1 +Dγ2nj))), (1.18)

θ = θn(D,T, ω) = (Tω + arctg(ω/(1 +Dγ2nj)) + πk)/n, (1.19)

n = 1, 2, ..., k = 1, 2, ..., 2n, j = 1, 2, ..., è

b = b0(D,ω) = (−1)k+1(1 +Dγ20j)/ cos(arctg(ω/(1 +Dγ20j))), (1.20)
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T = T0(D,ω) = ω−1(πk − arctg(ω/(1 +Dγ20j))),

j = 0, 1, 2, ..., k = 1, 2, .... (1.21)

Èçìåíÿÿ òåïåðü â (1.18)-(1.19) ïàðàìåòð −∞ < ω <∞ (ïðè ôèêñèðîâàííûõ

äðóãèõ ïàðàìåòðàõ), ïîëó÷èì â îáëàñòè {b, 0 ≤ θ ≤ 2π} ïëîñêîñòè (b, θ) ñåìåé-

ñòâî êðèâûõ, íà êîòîðûõ ïó÷åê îïåðàòîðîâ (1.13) èìååò òî÷êè ñïåêòðà, ïðèíàä-

ëåæèùèå ìíèìîé îñè êîìïëåêñíîé ïëîñêîñòè. Ýòî ñåìåéñòâî äîïîëíèòñÿ ïðÿ-

ìûìè b = const, îïðåäåëÿåìûìè âûðàæåíèÿìè (1.20)-(1.21). Çäåñü ïðè ôèêñè-

ðîâàííîì T èç ðàâåíñòâà (1.21) íàõîäèì çíà÷åíèÿ ω∗jk è ïîäñòàâëÿåì â (1.20). Â

ðåçóëüòàòå ïîëó÷èì èñêîìûå çíà÷åíèÿ b. Ñîâîêóïíîñòü òàêèõ êðèâûõ è ïðÿìûõ

ïîçâîëÿåò âûäåëèòü â ïëîñêîñòè (b, θ) (ïðè ôèêñèðîâàííûõ äðóãèõ ïàðàìåòðàõ)

îáëàñòè óñòîé÷èâîñòè ðåøåíèé íà÷àëüíî-êðàåâîé çàäà÷è (1.11)-(1.12). Îäíàêî,

íàñ èíòåðåñóþò îáëàñòè óñòîé÷èâîñòè ñîñòîÿíèé ðàâíîâåñèÿ íà÷àëüíî-êðàåâîé

çàäà÷è (1.1)-(1.2) â ïðîñòðàíñòâå ïàðàìåòðîâ óðàâíåíèÿ (1.1). Âûáåðåì â êà÷å-

ñòâå îñíîâíûõ ïàðàìåòðû K è θ è ïîñòðîèì îáëàñòè óñòîé÷èâîñòè ñîñòîÿíèé

ðàâíîâåñèÿ (1.1)-(1.2) â ïëîñêîñòè ýòèõ ïàðàìåòðîâ, ñ÷èòàÿ äðóãèå ïàðàìåòðû

óðàâíåíèÿ (1.1) ôèêñèðîâàííûìè.

Ðàññìîòðèì âûðàæåíèÿ

K = K(u∗, γ) = u∗/(1 + γcos(u∗)),

b = b(u∗, γ) = γu∗ sin(u∗)/(1 + γcos(u∗)) (1.22)

êàê ôóíêöèè ñîñòîÿíèÿ ðàâíîâåñèÿ u∗ > 0. Çàìåòèì, ÷òî

dK/du∗ = (1 + γu∗ sin(u∗)/(1 + γcos(u∗)))/(1 + γcos(u∗)) =

= (1 + b(u∗, γ))/(1 + γcos(u∗)).

Îáîçíà÷èì ÷åðåç 0 < u∗1(γ) < u∗2(γ) < ... < u∗j(γ) < ... ïîñëåäîâàòåëü-
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íîñòü êîðíåé óðàâíåíèÿ b(u∗, γ) = −1 è ðàññìîòðèì èíòåðâàëû Uj(γ) = {u∗ :

u∗j−1(γ) < u∗ < u∗j(γ)}, j = 1, 2, ..., u∗0 = 0. Ïðè u∗ ∈ U2k(γ), k = 1, 2, ...,

b(u∗, γ) < −1. Â ýòîì ñëó÷àå ïó÷åê îïåðàòîðîâ (1.13) èìååò, êàê ñëåäóåò èç

(1.15) ïðè n = 0, âåùåñòâåííóþ ïîëîæèòåëüíóþ òî÷êó ñïåêòðà, êîòîðîé îò-

âå÷àåò ñîáñòâåííàÿ ôóíêöèÿ u0(ρ), ò.å. òàêèå ñîñòîÿíèÿ ðàâíîâåñèÿ (1.1)-(1.2)

âñåãäà íåóñòîé÷èâû, ïðè u∗ ∈ U2k−1(γ), k = 1, 2, ..., b(u∗, γ) > −1. Â ýòîì ñëó÷àå

ñîñòîÿíèÿ ðàâíîâåñèÿ ìîãóò áûòü êàê óñòîé÷èâû, òàê è íåóñòîé÷èâû, ïðè÷åì

íåóñòîé÷èâîñòü ìîæåò íàñòóïèòü, êàê ñëåäóåò èç ïåðâîãî ðàâåíñòâà (1.16), ëèøü

ïðè óñëîâèè b(u∗, γ) > 1. Â ñâÿçè ñ ýòè â âûðàæåíèè (1.18)�(1.21) â äàëüíåéøåì

áóäåì ðàññìàòðèâàòü ëèøü íå÷åòíûå çíà÷åíèÿ k. Ýòîò ñëó÷àé è ïðåäñòàâëÿåò

èíòåðåñ ñ òî÷êè çðåíèÿ òåîðèè áèôóðêàöèé. Îòìåòèì, ÷òî â òî÷êàõ u∗ = u∗j(γ)

íà÷àëüíî-êðàåâàÿ çàäà÷à (1.1)-(1.2) èìååò êðàòíûå ñîñòîÿíèÿ ðàâíîâåñèÿ (çäåñü

ñëèâàþòñÿ è èñ÷åçàþò ëèáî âîçíèêàþò óñòîé÷èâîå è íåóñòîé÷èâîå ñîñòîÿíèÿ

ðàâíîâåñèÿ). Îáîçíà÷èì Kj(γ) = K(u∗j(γ), γ), j = 0, 1, . . . . Íà U2k−1(γ), k =

1, 2, ... ôóíêöèÿ K(u∗, γ) ìîíîòîííî âîçðàñòàåò,à íà U2k(γ), k = 1, 2, ... ìîíîòîí-

íî óáûâàåò.

Ðàâåíñòâà (1.18) ÿâëÿþòñÿ ÷åòíûìè ôóíêöèÿìè ïàðàìåòðà ω, à (1.19) íå÷åò-

íûìè ôóíêöèÿìè ïàðàìåòðà ω. Ïðè ýòîì (1.18) ïðè íå÷åòíûõ k ìîíîòîííî

âîçðàñòàþò ïðè ω ≥ 0. Ñ÷èòàÿ ω ≥ 0, âûðàçèì èç ðàâåíñòâà (1.18)

ω = ω(b) = (1 +Dγ2nj) tg(arccos((1 +Dγ2nj)/b)) = ω(b(u∗, γ)) (1.23)

è ïîäñòàâèì â ðàâåíñòâî (1.19), ðàçäåëèâ åãî íà äâà (äëÿ ω ≥ 0 è ω ≤ 0). Â

ðåçóëüòàòå èìååì

θ+ = θ+n (u∗, D, γ) = (T (1 +Dγ2nj) tg(arccos((1 +Dγ2nj)/b(u∗, γ)))+

+ arccos((1 +Dγ2nj)/b(u∗, γ)) + πk)/n, (1.24)
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θ− = θ−n (u∗, D, γ) = (−T (1 +Dγ2nj) tg(arccos((1 +Dγ2nj)/b(u∗, γ)))−

− arccos((1 +Dγ2nj)/b(u∗, γ)) + πk)/n,

n = 1, 2, ..., k = 1, 3, ..., 2n− 1, j = 1, 2, .... (1.25)

Èçìåíÿÿ òåïåðü 0 ≤ u∗ < ∞, u∗ ∈ U2k−1(γ), k = 1, 2, ..., â (1.22), (1.24)�

(1.25) ïðè ôèêñèðîâàííûõ çíà÷åíèé T,D, γ, n ïîñòðîèì â îáëàñòè {K > 0, 0 ≤

θ ≤ 2π} ïëîñêîñòè (K, θ) êðèâûå, íà êîòîðûõ ïó÷åê îïåðàòîðîâ (1.13), ïîñòðî-

åííûé äëÿ ñîîòâåòñòâóþùåãî ñîñòîÿíèÿ ðàâíîâåñèÿ u∗ èìååò òî÷êè ñïåêòðà,

ïðèíàäëåæèùèå ìíèìîé îñè êîìïëåêñíîé ïëîñêîñòè. Êðîìå ýòîãî, ïðè n = 0

èç (1.20)�(1.21) èìååì ïîñëåäîâàòåëüíîñòü óðàâíåíèé

T (1 +Dγ20j) tg(arccos((1 +Dγ20j)/b(u∗, γ))) =

= (πk − arccos((1 +Dγ20j)/b(u∗, γ))),

j = 0, 1, 2, ..., k = 1, 3, ..., (1.26)

ïîëîæèòåëüíûå íóëè êîòîðûõ u∗kp ∈ U2k−1(γ), k = 1, 2, ... îïðåäåëÿþò â îáëàñòè

{K > 0, 0 ≤ θ ≤ 2π} ïîñëåäîâàòåëüíîñòü ïðÿìûõ K = K(u∗kp, γ), íà êîòîðûõ

ïó÷åê îïåðàòîðîâ (1.13), ïîñòðîåííûé äëÿ ñîñòîÿíèÿ ðàâíîâåñèÿ u∗kp èìååò òî÷-

êè ñïåêòðà âèäà ±iω∗, ω∗ > 0, êîòîðûì îòâå÷àþò ñîáñòâåííûå ôóíêöèè âèäà

uj(ρ). Äëÿ îïðåäåëåíèÿ íàïðàâëåíèÿ äâèæåíèÿ òî÷åê ñïåêòðà (èç ëåâîé êîì-

ïëåêñíîé ïîëóïëîñêîñòè â ïðàâóþ èëè íàîáîðîò) ïðè ïåðåñå÷åíèè ïîñòðîåííûõ

êðèâûõ è ïðÿìûõ ïîñòóïèì ñëåäóþùèì îáðàçîì. Ïóñòü (K∗, θ∗) òî÷êà êðèâîé

èëè ïðÿìîé, êîòîðàÿ ïîëó÷åíà ïðè íåêîòîðîì u∗ è êîòîðîé ñîîòâåòñòâóåò òî÷êà

ñïåêòðà iω∗, îïðåäåëÿåìàÿ ñîãëàñíî (1.22),(1.23). Îáîçíà÷èì ÷åðåç λ(K, θ) òî÷-

êó ñïåêòðà ïó÷êà îïåðàòîðîâ (1.13), óäîâëåòâîðÿþùóþ óñëîâèþ λ(K∗, θ∗) = iω∗.

Âû÷èñëèì ïðîèçâîäíûå λK(K∗, θ∗) λθ(K∗, θ∗), âîñïîëüçîâàâøèñü (1.15), (1.22) è

òåîðåìîé î íåÿâíîé ôóíêöèè. Íàïðàâëåíèå äâèæåíèÿ òî÷êè ñïåêòðà îïðåäåëÿ-
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þò âåëè÷èíû

ReλK(K∗, θ∗) = (γ sin(u∗)+

+ u∗γ cos(u∗)/(1 + b(u∗, γ)))(cos(nθ∗ − ω∗T )− b(u∗, γ)T )/∆,

Reλθ(K∗, θ∗) = nb(u∗, γ) sin(nθ∗ − ω∗T )/∆,

∆ = 1− 2b(u∗, γ)T cos(nθ∗ − ω∗T ) + b2(u∗, γ)T
2, (1.27)

Òàêèì îáðàçîì ïîñòðîèì êàðòèíó D-ðàçáèåíèé îáëàñòè {K > 0, 0 ≤ θ ≤ 2π}

è ïîëó÷èì ãðàíèöû îáëàñòåé óñòîé÷èâîñòè ðàçëè÷íûõ ñîñòîÿíèé ðàâíîâåñèÿ

íà÷àëüíî-êðàåâîé çàäà÷è (1.1)�(1.2), à òàêæå èçó÷èì õàðàêòåð ïîòåðè óñòîé-

÷èâîñòè ñîîòâåòñòâóþùèõ ñîñòîÿíèé ðàâíîâåñèÿ. Ïðè ýòîì ïðèíÿòî ÷åðåç Dj

îáîçíà÷àåòñÿ îáëàñòü, ïðè çíà÷åíèè ïàðàìåòðîâ èç êîòîðîé ïó÷åê îïåðàòîðîâ

(1.13) èìååò j òî÷åê ñïåêòðà, ïðèíàäëåæàùèõ ïðàâîé êîìïëåêñíîé ïîëóïëîñêî-

ñòè.
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Ðèñ. 1.1 D = 0.1, T = 0, γ=0.25 Ðèñ. 1.2 D = 0.1, T = 0, γ=0.75

Ðèñ. 1.3 D = 0.1, T = 0.5, γ=0.25 Ðèñ. 1.4 D = 0.1, T = 0.5, γ=0.75)

Ðèñ. 1.5 D = 0.1, T = 1, γ=0.25 Ðèñ. 1.6 D = 0.1, T = 1, γ=0.75
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Ðèñ. 1.7 D = 0.05, T = 0, γ=0.25 Ðèñ. 1.8 D = 0.05, T = 0.5, γ=0.25

Íà ðèñ. 1�8 äëÿ ðàçëè÷íûõ çíà÷åíèé ïàðàìåòðîâ T,D, γ ïðèâåäåíû êàðòèíû

D-ðàçáèåíèé îáëàñòè {K > 0, 0 ≤ θ ≤ 2π}. Êàæäàÿ çàìêíóòàÿ êðèâàÿ, ôîðìà

êîòîðîé ïîõîæà íà ýëëèïñ, ïðåäñòàâëÿåò ñîáîé ñîâîêóïíîñòü òî÷åê ðàññìàòðè-

âàåìîé îáëàñòè, íà êîòîðûõ ïó÷åê îïåðàòîðîâ (1.13) èìååò òî÷êè ñïåêòðà âèäà

±iω∗. Ïðè ýòîì, ïðè èçìåíåíèè ïàðàìåòðîâ K, θ âíóòðü îáëàñòè, îãðàíè÷åííîé

çàìêíóòîé êðèâîé, óêàçàííûå òî÷êè ñïåêòðà ïåðåõîäÿò â ïðàâóþ êîìïëåêñíóþ

ïîëóïëîñêîñòü, è íàîáîðîò. Îòìåòèì, ÷òî íåêîòîðûå çàìêíóòûå êðèâûå ïðåä-

ñòàâëåíû íà ôèãóðàõ ëèøü ñâîåé ÷àñòüþ â ñèëó îãðàíè÷åíèé íà K è θ. Êàæäàÿ

çàìêíóòàÿ êðèâàÿ èìååò ìàðêåð èç äâóõ èíäåêñîâ, ïåðâûé èç êîòîðûõ õàðàêòå-

ðèçóåò îáëàñòü Uk(γ), ê êîòîðîé îòíîñèòñÿ èññëåäóåìîå ñîñòîÿíèå ðàâíîâåñèÿ

u∗ = u∗(K, γ), âòîðîé èíäåêñ õàðàêòåðèçóåò íîìåð n, ôèãóðèðóþùèé â îïðå-

äåëÿþùèõ çàìêíóòóþ êðèâóþ ôóíêöèÿõ (1.22) �(1.25) è ÿâëÿþùèéñÿ èíäåêñîì

ñîáñòâåííûõ ôóíêöèé ïó÷êà îïåðàòîðîâ (1.13), ñîîòâåòñòâóþùèõ òî÷êàì ñïåê-

òðà ±iω∗. Íà ïðèâåäåííûõ ôèãóðàõ ìàðêåðû ïðîñòàâëåíû íå íà âñåõ êðèâûõ

â ñèëó èõ ïëîòíîñòè. ×åðåç Dp
j îáîçíà÷åíû îáëàñòè (îáëàñòè íåóñòîé÷èâîñòè),

ïðè çíà÷åíèè ïàðàìåòðîâ èç êîòîðûõ ïó÷åê îïåðàòîðîâ (1.13), ïîñòðîåííûé

ïî ñîñòîÿíèÿíèþ ðàâíîâåñèÿ u∗ = u∗(K, γ) ∈ Up(γ) èìååò j òî÷åê ñïåêòðà,



28

ïðèíàäëåæàùèõ ïðàâîé îòêðûòîé êîìïëåêñíîé ïîëóïëîñêîñòè. Îáëàñòüþ D0

îáîçíà÷åíà îáëàñòü, ïðè çíà÷åíèè ïàðàìåòðîâ èç êîòîðîé óñòîé÷èâû âñå èìå-

þùèåñÿ ñîñòîÿíèÿ ðàâíîâåñèÿ u∗ ∈ Up(γ), k = 1, 3, .... Èç ðèñ. 1,3.7 âèäíî, ÷òî

ïðè T = 0 è ìàëûõ θ (áëèçêèõ ê 2π) îáëàñòè D0 ïðèíàäëåæàò òî÷êè, èìåþ-

ùèå áîëüøèå çíà÷åíèÿK. Ïðèìåíèòåëüíî ê íà÷àëüíî-êðàåâîé çàäà÷å (1.1)�(1.2)

ýòî îçíà÷àåò, ÷òî ïðè ìàëûõ θ èëè áëèçêèõ ê 2π áèôóðêàöèÿ ïðîñòðàíñòâåííî

íåîäíîðîäíûõ àâòîêîëåáàòåëüíûõ ðåøåíèé âîçìîæíà ïðè äîñòàòî÷íî áîëüøèõ

çíà÷åíèÿ K. Ïðè óâåëè÷åíèè T îáëàñòü D0 óìåíüøàåòñÿ, à îáëàñòè íåóñòîé-

÷èâîñòè Dp
j óâåëè÷èâàþòñÿ â ðàçìåðàõ. Ïðè ýòîì ïîÿâëÿþòñÿ äîïîëíèòåëüíûå

îáëàñòè íåóñòîé÷èâîñòè, îáóñëîâëåííûå ïîòåðåé óñòîé÷èâîñòè îäíîðîäíûìè ñî-

ñòîÿíèÿìè ðàâíîâåñèÿ ïî ñîáñòâåííûì ôóíêöèÿì uj(ρ), j = 0, 1, . . . , ò.å. íå çà-

âèñÿùèì îò n, ÷åãî íåò ïðè T = 0. Íà ôèãóðàõ ýòè îáëàñòè îïðåäåëÿþòñÿ

ãîðèçîíòàëüíûìè ïðÿìûìè. Ýòè ïðÿìûå ïîÿâëÿþòñÿ ïàðàìè ïðè íåêîòîðûõ

çíà÷åíèÿ K∗j, çàâèñÿùèõ îò T,D, γ. Ïðè óâåëè÷åíèè T ýòè ïðÿìûå ðàñõîäÿò-

ñÿ - îäíà èäåò ââåðõ, äðóãàÿ âíèç, îáðàçóÿ îáëàñòü íåóñòîé÷èâîñòè. Ïðè ýòîì

ñíà÷àëà ïîòåðÿ óñòîé÷èâîñòè ïðîèñõîäèò ïî ñîáñòâåííîé ôóíêöèè u0(ρ), ò.å. íå

çàâèñÿùåé îò ρ. Îòìåòèì, ÷òî ïðè áîëüøèõ çíà÷åíèÿõ T ïîòåðÿ óñòîé÷èâîñòè

îäíîðîäíûìè ñîñòîÿíèÿìè ðàâíîâåñèÿ âîçìîæíà ëèøü ïî ñîáñòâåííîé ôóíê-

öèè u0(ρ). Ïðè óìåíüøåíèè ïàðàìåòðà D ïðîèñõîäèò óâåëè÷åíèå êîëè÷åñòâà

îáëàñòåé íåóñòîé÷èâîñòè (ðèñ. 7,8). Èç ïðèâåäåííûõ ôèãóð âèäíî, ÷òî ïîòåðÿ

óñòîé÷èâîñòè îäíîðîäíûì ñîñòîÿíèåì ðàâíîâåñèÿ u∗ = u∗(K, γ) ìîæåò ïðî-

èñõîäèòü ñ îäíîâðåìåííûì ïðîõîæäåíèåì äâóõ ïàð êîìïëåêñíî ñîïðÿæåííûõ

òî÷åê ñïåêòðà ïó÷êà îïåðàòîðîâ (1.13) ÷åðåç ìíèìóþ îñü êîìïëåêñíîé ïëîñ-

êîñòè (òî÷êè, îòìå÷åííûå íà ðèñ. 3 çíàêîì *). Ïðè ýòîì îäíà èç ñîáñòâåííûõ

ôóíêöèé ìîæåò áûòü u0(ρ) (òî÷êà * íà ðèñ. 5). Âîçìîæíà îäíîâðåìåííàÿ ïîòå-

ðÿ óñòîé÷èâîñòè äâóìÿ ñîñòîÿíèÿìè ðàâíîâåñèÿ (òî÷êà îòìå÷åíà * íà ðèñ. 4).

Ïðè óìåíüøåíèè D òàêèõ ñîñòîÿíèé ðàâíîâåñèÿ ìîæåò áûòü áîëüøå.
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1.3 Áèôóðêàöèè àâòîêîëåáàòåëüíûõ ðåøåíèé íà÷àëüíî êðàåâîé çàäà÷è (1.1)�(1.2)

Èçó÷èì âîçìîæíûå áèôóðêàöèè àâòîêîëåáàòåëüíûõ ðåøåíèé íà÷àëüíî-êðàåâîé

çàäà÷è (1.1)�(1.2) èç îäíîðîäíûõ ñîñòîÿíèé ðàâíîâåñèÿ, îáóñëîâëåííûå ïîòå-

ðåé èõ óñòîé÷èâîñòè. Âîñïîëüçóåìñÿ äëÿ ýòîãî ìåòîäîì èíâàðèàíòíûõ (öåí-

òðàëüíûõ) ìíîãîîáðàçèé ðàñïðåäåëåííûõ äèíàìè÷åñêèõ ñèñòåì [28, 35, 60, 61]

è òåîðèåé íîðìàëüíûõ ôîðì íåëèíåéíûõ îáûêíîâåííûõ äèôôðåðåíöèàëüíûõ

óðàâíåíèé â îêðåñòíîñòè ñîñòîÿíèé ðàâíîâåñèÿ [?]. Ïðè ôèêñèðîâàííûõ T,D, γ

âûáåðåì ïàðàìåòðû K∗, θ∗ òàêèì îáðàçîì, ÷òîáû îíè ñîîòâåòñòâîâàëè òî÷êå

ãðàíèöû îáëàñòè óñòîé÷èâîñòè ñîñòîÿíèÿ ðàâíîâåñèÿ u∗ íà÷àëüíî-êðàåâîé çà-

äà÷è (1.1)�(1.2) è ïðè ýòîì ïó÷îê îïåðàòîðîâ (1.13) èìåë îäíó ïàðó êîìïëåêñíî

ñîïðÿæåííûõ òî÷åê ñïåêòðà ±iω∗, ãäå ω∗ > 0 îïðåäåëÿåòñÿ ñîãëàñíî (1.23).

Ïóñòü äëÿ îïðåäåëåííîñòè òî÷êà ñïåêòðà λ = iω∗ óäîâëåòâîðÿåò óðàâíåíèþ

(1.15) ïðè íåêîòîðîì n > 0. Ýòî îçíà÷àåò, ÷òî òî÷êà K∗, θ∗ óäîâëåòâîðÿåò óðàâ-

íåíèþ (1.24) è íàõîäèòñÿ íà ïðàâîé âåòâè çàìêíóòîé êðèâîé, îïðåäåëÿþùåé

ãðàíèöó îáëàñòè óñòîé÷èâîñòè, èìåþùåé ìèíèìóì â òî÷êå θ = π/n. Ýòî ìîæåò

áûòü, íàïðèìåð, òî÷êà, îòìå÷åííàÿ * íà ôèã 8. Îòìåòèì, ÷òî íà ëåâîé âåòâè

óïîìÿíóòîé çàìêíóòîé êðèâîé òî÷êà K∗, θ∗ áóäåò íàõîäèòüñÿ, åñëè âûáðàííûå

ïàðàìåòðû óäîâëåòâîðÿåò óðàâíåíèþ (1.24) ïðè λ = −iω∗ è n > 0.

Ïîëîæèì K = K∗ + ε, ãäå ε - ìàëûé ïàðàìåòð, è èññëåäóåì âîçìîæíîñòü

áèôóðêàöèè èç ñîñòîÿíèÿ ðàâíîâåñèÿ

u∗(ε) = u∗ + εu∗1 + ..., u∗1 = u∗/(K∗(1 + b(u∗, γ))) (1.28)

ïðîñòðàíñòâåííî-íåîäíîðîäíûõ ðåøåíèé ïðè èçìåíåíèè ïàðàìåòðà ε. Çäåñü è

íèæå ìíîãîòî÷èåì áóäåì îáîçíà÷àòü ñëóãàåìûå, èìåþùèå áîëåå âûñîêèé ïîðÿ-
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äîê ìàëîñòè ïî ïàðàìåòðó ε. Îòìåòèì, ÷òî òåïåðü â (1.8),(1.11),(1.13),(1.15)

b = b(ε) = b(u∗, γ) + εb1(u∗, γ) + ..., b1(u∗, γ) =

= γ sin(u∗) + u∗γ cos(u∗)/(1 + b(u∗, γ)), (1.29)

b2 = b2(ε) = −(K∗ + ε)γ cos(u∗(ε)), (1.30)

ñîîòâåòñòâåííî â äàëüíåéøåì áóäåì èñïîëüçîâàòü îáîçíà÷åíèå ïó÷êà îïåðàòî-

ðîâ (1.13) P (λ; ε) è óðàâíåíèé (1.15) Pnj(λ; ε).

Îáîçíà÷èì ÷åðåç λ(ε), λ̄(ε) òî÷êè ñïåêòðà ïó÷êà îïåðàòîðîâ P (λ; ε), óäîâëå-

òâîðÿþùèå óñëîâèþ λ(0) = iω∗. Èì áóäóò ñîîòâåòñòâîâàòü ñîáñòâåííûå ôóíê-

öèè u1(ρ, nϕ), ū1(ρ, nϕ). λ(ε) àíàëèòè÷åñêè çàâèñèò îò ε è

λ(ε) = χ(ε) + i(ω∗ + σ(ε)) = iω∗ + ελ1 + ... = iω∗ + ε(χ1 + iσ1) + ...,

λ1 = −b1(u∗, γ)ei(nθ∗−ω∗T )/(1− b(u∗, γ)Te
i(nθ∗−ω∗T )). (1.31)

Ðàññìîòðèì ïðèñîåäèíåííóþ ê (1.11)-(1.12) (ôîðìàëüíî ñîïðÿæåííóþ c[62]

(1.11)-(1.12)) íà÷àëüíî-êðàåâóþ çàäà÷ó

vt(ρ, ϕ, t)− v(ρ, ϕ, t) = −D∆ρϕv(ρ, ϕ, t) + bv−θ(ρ, ϕ, t+ T ), (1.32)

vρ(R, ϕ, t) = 0, v(ρ, 0, t) = v(ρ, 2π, t), vϕ(ρ, 0, t) = vϕ(ρ, 2π, t),

v(ρ, ϕ, s) = v0(ρ, ϕ, s) ∈ H1(KR; 0, T ). (1.33)

îòíîñèòåëüíî ôóíêöèè v(ρ, ϕ, t + s) â îáëàñòè K̄R × R−, ãäå R− = {t : −∞ <

t ≤ 0}, 0 ≤ s ≤ T (T > 0), v−θ(ρ, ϕ, t) ≡ v(ρ, (ϕ− θ)mod(2π), t) (0 ≤ θ < 2π).

Ôàçîâûì ïðîñòðàíñòâîì íà÷àëüíî-êðàåâîé çàäà÷è (1.32)-(1.33) ÿâëÿåòñÿ ïðî-

ñòðàíñòâî H(KR; 0, T ) = {v(ρ, ϕ, s) : v(ρ, ϕ, s) ∈ L2(KR) ïðè êàæäîì 0 ≤ s ≤

T , ||v(ρ, ϕ, s)||L2
∈ C([0, T ])}, îáëàñòüþ îïðåäåëåíèÿ ïðàâîé ÷àñòè óðàâíåíèÿ

(1.32) ÿâëÿåòñÿ ïðîñòðàíñòâî
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H0(KR; 0, T ) = {v(ρ, ϕ, s) : v(ρ, ϕ, s) ∈ C(K̄R × [0, T ]), v(ρ, 0, s) = v(ρ, 2π, s),

vϕ(ρ, 0, s) = vϕ(ρ, 2π, s), ïðè êàæäîì s v(ρ, ϕ, s) ∈ H2(KR)}. Íîðìû â óêà-

çàííûõ ïðîñòðàíñòâàõ ââîäÿòñÿ ïî àíàëîãèè ñ H(KR;−T, 0), H0(KR;−T, 0).

Íà÷àëüíî-êðàåâàÿ çàäà÷à (1.32)-(1.33) êîððåêòíî ïîñòàâëåíà (è ðàçðåøèìà) â

ñòîðîíó óáûâàíèÿ t.

Ìåæäó ýëåìåíòàìè ïðîñòðàíñòâ u(ρ, ϕ, s) ∈ H(KR;−T, 0) è

v(ρ, ϕ, s) ∈ H(KR; 0, T ) ââåäåì ñêàëÿðíîå ïðîèçâåäåíèå

< u(ρ, ϕ, s), v(ρ, ϕ, s) >=

= (u(ρ, ϕ, 0), v(ρ, ϕ, 0))L2
− b

∫ 0

−T
(uθ(ρ, ϕ, ξ), v(ρ, ϕ, ξ + T ))L2

dξ. (1.34)

Ðåøåíèÿ (1.11)-(1.12) è (1.32)-(1.33) ñâÿçàíû ìåæäó ñîáîé ñëåäóþùèì îáðà-

çîì. Îáîçíà÷èì ÷åðåç u(ρ, ϕ, t+ s) è v(ρ, ϕ, t+ s) ðåøåíèÿ (1.11)-(1.12) è (1.32)-

(1.33) ñîîòâåòñòâåííî, îïðåäåëåííûå ïðè t > τ1, u(ρ, ϕ, τ1 + s) = u0(ρ, ϕ, s) ∈

H0(KR;−T, 0) è t < τ2, v(ρ, ϕ, τ2 + s) = v0(ρ, ϕ, s) ∈ H0(KR; 0, T ), è ïóñòü ïðè

ýòîì τ1 < τ2. Òîãäà ïðè τ1 < t < τ2 ñïðàâåäëèâî ðàâåíñòâî

< u(ρ, ϕ, t+ s), v(ρ, ϕ, t+ s) >= c (c = const), (1.35)

êîòîðîå ëåãêî äîêàçûâàåòñÿ äèôôåðåíöèðîâàíèåì ïî t. Â ÷àñòíîñòè, äëÿ ðåøå-

íèé u(ρ, ϕ, t + s) è v(ρ, ϕ, t + s), îïðåäåëåííûõ ïðè −∞ < t < ∞, ðàâåíñòâà

(1.35) âûïîëíåíû ïðè âñåõ t.

Îïðåäåëÿÿ òåïåðü ðåøåíèÿ (1.32)-(1.33) âèäà v(ρ, ϕ, t) = v(ρ, ϕ)ept, p ∈ C

ïîëó÷èì õàðàêòåðèñòè÷åñêèé ïó÷îê îïåðàòîðîâ

Q(p)v(ρ, ϕ) ≡ pv(ρ, ϕ)− v(ρ, ϕ) +D∆ρ,ϕv(ρ, ϕ)− bv−θ(ρ, ϕ)e
pT , (1.36)

äåéñòâóþùèé â L̃2(KR) ñ îáëàñòüþ îïðåäåëåíèÿ H̃2(KR). Òî÷êè ñïåêòðà (1.36)

è òî÷êè ñïåêòðà (1.13) ìîãóò áûòü óïîðÿäî÷åíû òàêèì îáðàçîì, ÷òî áóäóò âû-
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ïîëíåíû ñîîòíîøåíèÿ pj = −λ̄j, j = 1, 2, . . . . Òàêèì îáðàçîì, ïó÷åê îïåðàòîðîâ

Q(p; ε) èìååò ïàðó êîìïëåêñíî ñîïðÿæåííûõ òî÷åê ñïåêòðà p(ε) = −λ̄(ε), p̄(ε),

êîòîðûì îòâå÷àþò ñîáñòâåííûå ôóíêöèè v1(ρ, nϕ) = Rn1(ρ)e
−inϕ/(2π)1/2,

v̄1(ρ, nϕ).

Ââåäåì â ðàññìîòðåíèå ôóíêöèè

e1(ρ, nϕ, s; ε) = u1(ρ, nϕ)e
λ(ε)s, ē1(ρ, nϕ, s; ε) ∈ H̃0(KR;−T, 0) (1.37)

h1(ρ, nϕ, s; ε) = u1(ρ, nϕ)e
p(ε)s/P

′

−n1(−p(ε); ε), h̄1(ρ, nϕ, s; ε) ∈ H̃0(KR; 0, T ),

< e1(ρ, nϕ, s; ε), h1(ρ, nϕ, s; ε) >= 1, < e1(ρ, nϕ, s; ε), h̄1(ρ, nϕ, s; ε) >= 0.

Îáîçíà÷èì ÷åðåçH+(ε) ëèíåéíóþ îáîëî÷êó ôóíêöèé (1.37) ò.å. ìíîæåñòâî ôóíê-

öèé âèäà

u+(ρ, nϕ, s; ε) = e1(ρ, nϕ, s; ε)z + ē1(ρ, nϕ, s; ε)z̄, z ∈ C, (1.38)

à ÷åðåç H−(ε) ìíîæåñòâî ôóíêöèé u−(ρ, ϕ, s) ∈ H0(KR;−T, 0), äëÿ êîòîðûõ

< u−(ρ, ϕ, s), h1(ρ, nϕ, s; ε) >= 0, < u−(ρ, ϕ), h̄1(ρ, nϕ, s; ε) >= 0.

Î÷åâèäíî H+(ε)
⊕

H−(ε) = H0(KR,−T, 0). H+(ε) îïðåäåëÿåò äâóìåðíîå ïðî-

ñòðàíñòâî ðåøåíèé u+(ρ, ϕ, t+ s; ε) íà÷àëüíî-êðàåâîé çàäà÷è (1.11)-(1.12) âèäà

(1.38), â êîòîðîì z = z(t) ðåøåíèå óðàâíåíèÿ

ż = λ(ε)z. (1.39)

Îáîçíà÷èì ÷åðåç Su∗(R) = {u(ρ, ϕ, s) : u(ρ, ϕ, s) ∈ H0(KR;−T, 0), ||u(ρ, ϕ, s)−

u∗||H0
< R} -øàð ðàäèóñà R c öåíòðîì â u∗ = u∗(K, γ) ïðîñòðàíñòâà

H0(KR;−T, 0). Â ñëó÷àå u∗ = 0 áóäåì èñïîëüçîâàòü îáîçíà÷åíèå S(R) = S0(R).

Â äàëüíåéøåì S±(R; ε) = S(R)
⋂
H±(ε).

Ìíîæåñòâî M(ε) ⊂ S(R) áóäåì íàçûâàòü èíâàðèàíòíûì ìíîãîîáðàçèåì
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íà÷àëüíî-êðàåâîé çàäà÷è (1.8)�(1.9), åñëè äëÿ åå ðåøåíèé u(ρ, ϕ, t+s) ñ íà÷àëü-

íûìè óñëîâèÿìè u(ρ, ϕ, t0 + s) ∈M(ε) ïðè íåêîòîðîì t0 ñëåäóåò, ÷òî u(ρ, ϕ, t+

s) ∈M(ε) ïðè âñåõ t > t0 ïîêà u(ρ, ϕ, t+ s) ∈ S(R).

Ðåçóëüòàòû ðàáîòû [28] è ìîíîãðàôèé [35, 61] ïðèìåíèòåëüíî ê íà÷àëüíî-

êðàåâîé çàäà÷å (1.8)�(1.9) ïîçâîëÿþò ñôîðìóëèðîâàòü ñëåäóþùèå òåîðåìû.

Òåîðåìà 1. Ñóùåñòâóåò òàêèå ε0 > 0 è R > 0 , ÷òî ïðè |ε| < ε0 íà÷àëüíî-

êðàåâàÿ çàäà÷à (1.8)�(1.9) èìååò èíâàðèàíòíîå ìíîãîîáðàçèå M(ε) ⊂ S(R),

êîòîðîå ìîæåò áûòü ïðåäñòàâëåíî â âèäå

u− = G(u+; ε), u± ∈ S±(R; ε), (1.40)

ãäå íåëèíåéíûé îïåðàòîð G(u+; ε) (G(0; ε) ≡ 0) äåéñòâóåò èç

S+(R; ε)
⊕

[−ε0, ε0] â S−(R; ε) è ãëàäêî çàâèñèò îò âõîäÿùèõ ïåðåìåííûõ (â

ñìûñëå äèôôåðåíöèðîâàíèÿ ïî Ôðåøå).

Îáîçíà÷èì ÷åðåç d(u(ρ, ϕ, s); ε) ðàññòîÿíèå îò òî÷êè u(ρ, ϕ, s) ∈ S(R) äî ìíî-

æåñòâà M(ε) â ìåòðèêå ïðîñòðàíñòâà H0(KR;−T, 0). Ñïðàâåäëèâà

Òåîðåìà 2. Ïóñòü u0(ρ, ϕ, s) ∈ S(R) íà÷àëüíîå óñëîâèå ðåøåíèÿ u(ρ, ϕ, t+s; ε)

íà÷àëüíî-êðàåâîé çàäà÷è (1.8)�(1.9) (u(ρ, ϕ, s; ε) = u0(ρ, ϕ, s)). Òîãäà t > 0

d(u(ρ, ϕ, t+ s; ε); ε) < Kd(u0(ρ, ϕ, s), ε)e
−αt, (1.41)

ãäå K,α > 0 íåêîòîðûå ïîñòîÿííûå.

Òàêèì îáðàçîì, ïîâåäåíèå ðåøåíèé íà÷àëüíî-êðàåâîé çàäà÷è (1.8)�(1.9) ñ

íà÷àëüíûìè óñëîâèÿìè èç S(R) ïîëíîñòüþ îïðåäåëÿåòñÿ ïîâåäåíèåì ðåøåíèé

íà èíâàðèàíòíîì ìíîãîîáðàçèè M(ε), êîòîðîå ìîæåò áûòü îïèñàíî ïîâåäåíè-

åì ðåøåíèé íåêîòîðîé äâóìåðíîé ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ

óðàâíåíèé. Ìíîãîîáðàçèå M(ε) ñëåäóÿ [?, 61], áóäåì íàçûâàòü öåíòðàëüíûì

ìíîãîîáðàçèåì íà÷àëüíî-êðàåâîé çàäà÷è (1.8)�(1.9).



34

Íà îñíîâàíèè ïðåäñòàâëåíèÿ (1.38) îïåðàòîð G(u+; ε) áóäåì ðàññìàòðèâàòü

êàê îïåðàòîð G(ρ, nϕ, s, z, z̄; ε) (G(ρ, nϕ, s, z, z̄; ε) ≡ G(ρ, nϕ+ 2π, s, z, z̄; ε),

G(ρ, nϕ, s, 0, 0; ε) ≡ 0), äåéñòâóþùèé èç C2
⊕

[−ε0, ε0] â S+(R) è ãëàäêî çàâè-

ñÿùèé îò âõîäÿùèõ ïåðåìåííûõ. Ñ ó÷åòîì ýòîãî è (1.39) ïðåäñòàâèì îïåðàòîð

G(ρ, nϕ, s, z, z̄; ε) è ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé òðàåêòîðèé íàM(ε)

â âèäå ðàçëîæåíèé

G(ρ, nϕ, s, z, z̄; ε) = e1(ρ, nϕ, s; ε)z+ē1(ρ, nϕ, s; ε)z̄+v20(.)z
2+v11(.)zz̄+v02(.)z̄

2+

+ v30(.)z
3 + v21(.)z

2z̄ + v12(.)zz̄
2 + v03(.)z̄

3 + g(ρ, nϕ, s, z, z̄; ε), (1.42)

ż = λ(ε)z + d(ε)z2z̄ + Z(z, z̄; ε) ≡ Z∗(z, z̄; ε), (1.43)

ãäå vkj(.) = vkj(ρ, nϕ, s; ε), vjk = v̄kj(.), ||g(ρ, nϕ, s, z, z̄; ε)||H1
= o(|z|3),

|Z(z, z̄; ε)| = o(|z|3). Ñèñòåìà (1.43) ïðåäñòàâëåíà â íîðìàëèçîâàííîì äî êóáè-

÷åñêèõ ñëàãàåìûõ âèäå [?].

Îòìåòèì ñëåäóþùåå. Ïóñòü u∗(ρ, ϕ, t+s; ε) ðåøåíèå íà÷àëüíî-êðàåâîé çàäà÷è

(1.8)�(1.9). Ïðîäîëæèì åãî ïåðèîäè÷åñêè ïî ϕ íà R. Ôóíêöèÿ u∗(ρ, ϕ + c, t +

s; ε), ãäå c ïðîèçâîëüíîå âåùåñòâåííîå ÷èñëî, òàêæå ÿâëÿåòñÿ ðåøåíèåì (1.8)�

(1.9), â ÷åì ëåãêî óáåäèòüñÿ íåïîñðåäñòâåííî, îáîçíà÷èâ ϕ1 = ϕ + c è ñ ó÷åòîì

ðàâåíñòâà ∆ρ,ϕu
∗ = ∆ρ,ϕ1u

∗. Ïðè ýòîì, åñëè u∗(ρ, ϕ, t+ s; ε) ∈M(ε), òî u∗(ρ, ϕ+

c, t + s; ε) ∈ M(ε), ò.ê. ñîãëàñíî (1.14), (1.37), (1.38) u∗+(ρ, ϕ + c, t + s; ε)) ∈

H+(ε), ãäå u∗+(ρ, ϕ, t+ s; ε)) ïðîåêöèÿ u∗(ρ, ϕ, t+ s; ε) íà H+(ε) ïî íàïðàâëåíèþ

H−(ε). Ñëåäñòâèåì ýòîãî ÿâëÿþòñÿ ñïðàâåäëèâûå äëÿ ëþáîãî âåùåñòâåííîãî c

òîæäåñòâà

g(ρ, n(ϕ+ c), s, z, z̄; ε) ≡ g(ρ, nϕ, s, zeinc, z̄e−inc; ε), Z(z, z̄; ε) ≡ zZ1(z, z̄; ε),

Z1(ze
inc, z̄e−inc; ε) ≡ Z1(z, z̄; ε). (1.44)

Äëÿ ïîñòðîåíèÿ öåíòðàëüíîãî ìíîãîîáðàçèÿ è ñèñòåìû äèôôåðåíöèàëüíûõ
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óðàâíåíèé òðàåêòîðèé íà íåì âîñïîëüçóåìñÿ ïîäõîäîì, èñïîëüçóåìûì â ðàáî-

òàõ [71, 72]. Îòìåòèì, ÷òî áëèçêàÿ ê óêàçàííîìó ïîäõîäó ñõåìà ïîñòðîåíèÿ

óðàâíåíèé òðàåêòîðèé íà öåíòðàëüíîì ìíîãîîáðàçèè äëÿ äèôôåðåíöèàëüíî-

ðàçíîñòíûõ óðàâíåíèé ïðèâåäåíà â [61]. Â ñîîòâåòñòâèè ñî ñêàçàííûì ïåðåéäåì

îò (1.8)�(1.9) ê ýêâèâàëåíòíîé íà÷àëüíî-êðàåâîé çàäà÷å â îáëàñòè K̄R×[−T, 0]×

R+, ïîëîæèâ w(ρ, ϕ, s, t) = u(ρ, ϕ, t+ s),

wt(ρ, ϕ, s, t) = ws(ρ, ϕ, s, t), (1.45)

ws(ρ, ϕ, 0, t) = −w(ρ, ϕ, 0, t) +D∆ρϕw(ρ, ϕ, 0, t)− b(ε)wθ∗(ρ, ϕ,−T, t)+

+b2(ε)w
2
θ∗
(ρ, ϕ,−T, t) + b(ε)w3

θ∗
(ρ, ϕ,−T, t)/6 + ...,

wρ(R, ϕ, s, t) = 0, w(ρ, 0, s, t) = w(ρ, 2π, s, t), wϕ(ρ, 0, s, t) = wϕ(ρ, 2π, s, t),

w(ρ, ϕ, s, 0) = w0(ρ, ϕ, s) ∈ H(KR;−T, 0). (1.46)

Óñëîâèå ïðèíàäëåæíîñòè òðàåêòîðèé (1.43) êðàåâîé çàäà÷e (1.45)�(1.46) â

ñèëó ìíîãîîáðàçèÿ (1.42) îïðåäåëÿåò òîæäåñòâà

dG(.)

dt
≡ ∂G(.)

∂z
Z∗(z, z̄; ε) +

∂G(.)

∂z̄
Z̄∗(z, z̄; ε)) ≡ ∂G(.)

∂s
, (1.47)

Gs(ρ, nϕ, 0, z, z̄; ε) ≡

≡ −G(ρ, nϕ, 0, z, z̄; ε) +D∆ρϕG(ρ, nϕ, 0, z, z̄; ε)− b(ε)Gθ(ρ, nϕ,−T, z, z̄; ε)+

+ b2(ε)Gθ(ρ, nϕ,−T, z, z̄; ε)2/2 + b(ε)Gθ(ρ, nϕ,−T, z, z̄; ε)3/6 + . . . , (1.48)

äëÿ îïðåäåëåíèÿ êîýôôèöèåíòîâ ðàçëîæåíèé (1.42)�(1.43).

Ïðèðàâíèâàÿ â (1.47)�(1.48) êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ z, z̄ ïî-

ëó÷èì ðåêóððåíòíóþ ïîñëåäîâàòåëüíîñòü êðàåâûõ çàäà÷ äëÿ îïðåäåëåíèÿ âõî-

äÿùèõ â (1.42)�(1.43) ôóíêöèé vjk(ρ, nϕ, s; ε) ∈ H̃0(KR;−T, 0) è d(ε), ãëàäêî çà-
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âèñÿùèõ îò ε. Ïðè ïåðâûõ ñòåïåíÿõ ðàâåíñòâà âûïîëíåíû â ñèëó (1.38)�(1.39).

Ïðèðàâíÿâ êîýôôèöèåíòû ïðè z2, ïîëó÷èì äëÿ îïðåäåëåíèÿ v20(ρ, nϕ, s; ε) êðà-

åâóþ çàäà÷ó

2λ(ε)v20(ρ, nϕ, s; ε) = v20s(ρ, nϕ, s; ε),

v20s(ρ, nϕ, 0; ε) = −v20(ρ, nϕ, s; ε) +D∆ρϕv20(ρ, nϕ, s; ε)−

− b(ε)v20θ∗(ρ, nϕ,−T ; ε) + b2(ε)e
i2nθ∗−2λ(ε)TR2

n1(ρ)e
i2nϕ/(4π), (1.49)

êîòîðàÿ èìååò åäèíñòâåííîå ðåøåíèå

v20(ρ, nϕ, s; ε) = w20(ρ; ε)e
i2nϕ+2λ(ε)s/(2π), w20(ρ; ε) =

∞∑
j=1

p2nj(ε)R2nj(ρ),

p2nj(ε) =

= b2(ε)e
i2nθ∗−2λ(ε)T (R2

n1(ρ), R2nj(ρ))/(2λ(ε) + 1 +Dγ22nj + b(ε)ei2nθ∗−2λ(ε)T )/2.

Àíàëîãè÷íî äëÿ îïðåäåëåíèÿ v11(ρ, nϕ, s; ε) èìååì êðàåâóþ çàäà÷ó

(λ(ε) + λ̄(ε))v11(ρ, nϕ, s; ε) = v11s(ρ, nϕ, s; ε),

v11s(ρ, nϕ, 0; ε) = −v11(ρ, nϕ, s; ε) +D∆ρϕv11(ρ, nϕ, s; ε)−

− b(ε)v11θ∗(ρ, nϕ, s; ε) + b2(ε)e
−(λ(ε)+λ̄(ε))TR2

n1(ρ)/(2π), (1.50)

åäèíñòâåííîå ðåøåíèå êîòîðîé èìååò âèä

v11(ρ, nϕ, s; ε) ≡ w11(ρ; ε)e
(λ(ε)+λ̄(ε))s/(2π) w11(ρ; ε) =

∞∑
j=0

p0j(ε)R0j(ρ),
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p0j(ε) =

= b2(ε)e
−(λ(ε)+λ̄(ε))T (R2

n1(ρ), R0j(ρ))/(λ(ε)+ λ̄(ε)+1+Dγ20j+ b(ε)e
−(λ(ε)+λ̄(ε))T ).

Ñ ó÷åòîì ðàâåíñòâà v02(ρ, nϕ; ε) = v̄20(ρ, nϕ; ε), ïðèðàâíÿåì òåïåðü â (1.47)�

(1.48) êîýôôèöèåíòû ïðè z3. Â ðåçóëüòàòå ïîëó÷èì äëÿ îïðåäåëåíèÿ v30(ρ, nϕ, s; ε)

êðàåâóþ çàäà÷ó

3λ(ε)v30(ρ, nϕ, s; ε) = v30s(ρ, nϕ, s; ε),

v30s(ρ, nϕ, 0; ε) = −v30(ρ, nϕ, s; ε) +D∆ρϕv30(ρ, nϕ, s; ε)−

− b(ε)v30θ∗(ρ, nϕ,−T ; ε) + (b2(ε)w20(ρ; ε)Rn1(ρ)+

+ b(ε)R3
n1(ρ)/6)e

i3nθ∗−3λ(ε)Tei3nϕ/(2π)3/2, (1.51)

êîòîðàÿ èìååò åäèíñòâåííîå ðåøåíèå

v30(ρ, nϕ, s; ε) = w30(ρ; ε)e
i3nϕ+3λ(ε)s/(2π)3/2,

w30(ρ; ε) =
∞∑
j=1

p3nj(ε)R3nj(ρ), p3nj(ε) =

= ei3nθ∗−3λ(ε)T (b2(ε)w20(ρ; ε)Rn1(ρ)+

+ b(ε)R3
n1(ρ)/6, R3nj(ρ))/(3λ(ε) + 1 +Dγ23nj + b(ε)ei3nθ∗−3λ(ε)T ).

Ïðèðàâíÿâ òåïåðü â (1.47)�(1.48) êîýôôèöèåíòû ïðè z2z̄, ïîëó÷èì êðàåâóþ çà-

äà÷ó âèäà

e1(ρ, nϕ, s)d(ε) + (2λ(ε) + λ̄(ε))v21(ρ, nϕ, s; ε) = v21s(ρ, nϕ, s; ε), (1.52)



38

v21s(ρ, nϕ, 0; ε) = −v21(ρ, nϕ, 0; ε) +D∆ρϕv21(ρ, nϕ, 0; ε)−

− b(ε)v21θ∗(ρ, nϕ,−T ; ε) + (b2(ε)(w20(ρ; ε)+

+ w11(ρ; ε))Rn1(ρ) + b(ε)R3
n1(ρ)/2)e

inθ∗−(2λ(ε)+λ̄(ε))Teinϕ/(2π)3/2. (1.53)

Ïðè d(ε) ≡ 0 êðàåâàÿ çàäà÷à (1.52)�(1.53) íå ðàçðåøèìà â òî÷êå ε = 0. Ðàç-

ðåøèìîñòè äîáèâàåìñÿ âûáîðîì d(ε). Îáùåå ðåøåíèå óðàâíåíèÿ (1.52) èìååò

âèä

v21(ρ, nϕ, s; ε) = e(2λ(ε)+λ̄(ε))s(w21(ρ)e
inϕ/(2π)3/2+

+ d(ε)

∫ s

0

e(2λ(ε)+λ̄(ε))s1en1(ρ, ϕ, s1)ds1), (1.54)

ãäå w21(ρ)e
inϕ/(2π)3/2 ∈ H̃1(KR) ïðîèçâîëüíàÿ ôóíêöèÿ. Ïîäñòàâèâ (1.54) â

(1.53), ïîëó÷èì

L(ε)w21 ≡ (2λ(ε) + λ̄(ε))w21 + w21−

−D
1

ρ

d

dρ
(ρ
dw21

dρ
) +

n2

ρ2
w21 − b(ε)einθ∗−(2λ(ε)+λ̄(ε))Tw21 =

= f21(ρ; ε) ≡ −Rn1(ρ)(1 + b(ε)einθ∗−(2λ(ε)+λ̄(ε))T (1− e(λ(ε)+λ̄(ε))T )/

/(λ(ε) + λ̄(ε)))d(ε)2π+

+ (b2(ε)(w20(ρ; ε) + w11(ρ; ε))Rn1(ρ) + b(ε)R3
n1(ρ)/2)e

inθ∗−(2λ(ε)+λ̄(ε))T . (1.55)

Êðàåâàÿ çàäà÷à (1.55) ðàçðåøèìà íå âñåãäà, ò.ê. L(0)Rn1(ρ) = 0,

à òàêæå L∗(0)Rn1(ρ) = 0, ãäå L∗(0) ñîïðÿæåííûé ñ L(0) â ñìûñëå ñêàëÿðíîãî

ïðîèçâåäåíèÿ (1.14) îïåðàòîð. Íåîáõîäèìûì è äîñòàòî÷íûì óñëîâèåì ðàçðåøè-
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ìîñòè ÿâëÿåòñÿ ðàâåíñòâî (f21(ρ; ε), Rn1(ρ)) = 0, èç êîòîðîãî íàõîäèì

d(ε) = a(ε) + ic(ε) = einθ∗−(2λ(ε)+λ̄(ε))T ((b2(ε)(w20(ρ; ε) + w11(ρ; ε))Rn1(ρ)+

+ b(ε)R3
n1(ρ)/2), Rn1(ρ))/

/(1 + b(ε)einθ∗−(2λ(ε)+λ̄(ε))T (1− e(λ(ε)+λ̄(ε))T )/(λ(ε) + λ̄(ε)))/(2π). (1.56)

è ðåøåíèå

w21(ρ; ε) =
∞∑
j=2

pnj(ε)Rnj(ρ),

pnj(ε) = ((b2(ε)(w20(ρ; ε) + w11(ρ; ε))Rn1(ρ) + b(ε)R3
n1(ρ)/2)e

inθ∗−(2λ(ε)+λ̄(ε))T ,

Rnj(ρ))/(2λ(ε) + λ̄(ε) + 1 +Dγ2nj + b(ε)einθ∗−(2λ(ε)+λ̄(ε))T ),

êîòîðîå îïðåäåëÿåòñÿ îäíîçíà÷íî è óäîâëåòâîðÿåò óñëîâèþ (w21(ρ; ε), Rn1(ρ)) =

0.

Ïðîàíàëèçèðóåì ïîâåäåíèå ðåøåíèé óðàâíåíèÿ (1.43). Äëÿ âûáðàííîé òî÷êè

(K∗, θ∗) çíà÷åíèå π/n < θ∗ < 3π/(2n). Ïîýòîìó cos(nθ∗) < 0. Çíàê b1(u∗, γ) â

(1.32),(1.31) îïðåäåëÿåòñÿ çíàêîì ïðîèçâîäíîé bu∗(u∗, γ). Ïîýòîìó b1(u∗, γ) > 0

íà íèæíåé ÷àñòè ïðàâîé âåòâè çàìêíóòîé êðèâîé ãðàíèöû îáëàñòè óñòîé÷èâî-

ñòè ðåøåíèé (1.11),(1.12) (îáëàñòè D0), b1(u∗, γ) < 0 íà âåðõíåé ÷àñòè ïðàâîé

âåòâè çàìêíóòîé êðèâîé ãðàíèöû îáëàñòè D0. Àíàëîãè÷íûé çíàê èìååò âåëè-

÷èíà χ1 â (1.31). ×èñëåííûé àíàëèç, âûïîëíåííûé äëÿ ðàçëè÷íûõ çíà÷åíèé

ïàðàìåòðîâ D,T, γ ïîêàçàë, ÷òî â òî÷êàõ K∗, θ∗ ãðàíèöû îáëàñòè óñòîé÷èâîñòè

ðåøåíèé (1.11)�(1.12) a(0) < 0. Ïîýòîìó ïðè ïðîõîæäåíèè íèæíåé ÷àñòè ïðàâîé

âåòâè çàìêíóòîé êðèâîé ãðàíèöû îáëàñòè óñòîé÷èâîñòè â ñòîðîíó óâåëè÷åíèÿ

ïàðàìåòðà K (ε > 0) â óðàâíåíèè (1.43) ïðîèñõîäèò ðîæäåíèå óñòîé÷èâîãî

ïåðèîäè÷åñêîãî ðåøåíèÿ (ïðÿìàÿ áèôóðêàöèÿ Àíäðîíîâà-Õîïôà). Ïîëîæèì â
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(1.43) z = reiτ . Â ðåçóëüòàòå ñ ó÷åòîì (1.44) áóäåì èìåòü ñèñòåìó óðàâíåíèé

ṙ = r(χ(ε) + a(ε)r2 +R(r2; ε)), τ̇ = ω∗ + σ(ε) + c(ε)r2 + T (r2; ε), (1.57)

ãäå Z1(re
iτ , re−iτ ; ε) ≡ Z1(r, r; ε) ≡ Z1(r

2; ε) ≡ R(r2; ε) + iT (r2; ε), |Z1(r
2; ε)| =

o(r2) - ãëàäêèå ïî r2 è εôóíêöèè. Èç ïåðâîãî óðàâíåíèÿ (1.57) íàõîäèì àñèìïòî-

òè÷åñêè óñòîé÷èâîå ñîñòîÿíèå ðàâíîâåñèÿ r2(ε) = r2∗ε+O(ε
2) (r2∗ = −χ1/a(0)) è

ïîäñòàâèì âî âòîðîå óðàâíåíèå. Â ðåçóëüòàòå èìååì àñèìïòîòè÷åñêè îðáèòàëü-

íî óñòîé÷èâîå ïåðèîäè÷ñêîå ðåøåíèå óðàâíåíèÿ (1.43)

z∗(t; ε) = ε1/2r∗(1+O(ε))e
iτ , τ̇ = ω∗+εω1(ε) = ω∗+εω∗1+O(ε

2) (ω∗1 = σ1+c(0)r
2
∗)

(1.58)

ïåðèîäà 2π/(ω∗ + εω1(ε)).

Íà âåðõíåé ÷àñòè ïðàâîé âåòâè çàìêíóòîé êðèâîé ãðàíèöû îáëàñòè óñòîé÷è-

âîñòè áèôóðêàöèÿ ðîæäåíèÿ óñòîé÷èâîãî ïåðèîäè÷åñêîãî ðåøåíèÿ ïðîèñõîäèò

ïðè óìåíüøåíèè ïàðàìåòðà K (ε < 0), ò.å. ïðè ïåðåõîäå èç îáëàñòè íåóñòîé÷è-

âîñòè â îáëàñòü óñòîé÷èâîñòè (ïðè óâåëè÷åíèè K ïðîèñõîäèò �âëèïàíèå� óñòîé-

÷èâîãî ïåðèîäè÷åñêîãî ðåøåíèÿ â íåóñòîé÷èâîå ñîñòîÿíèå ðàâíîâåñèÿ (îáðàò-

íàÿ áèôóðêàöèÿ Àíäðîíîâà-Õîïôà). Àíàëîãè÷íàÿ ñèòóàöèÿ íàáëþäàåòñÿ è ïðè

ïðîõîæäåíèè ëåâîé âåòâè çàìêíóòîé êðèâîé ãðàíèöû îáëàñòè óñòîé÷èâîñòè ðå-

øåíèé (1.11),(1.12). Â ýòîì ñëó÷àå óðàâíåíèþ (1.15) ïðè âûáðàííûõ K∗, θ∗, n

óäîâëåòâîðÿåò êîðåíü λ = −iω∗, ω∗ > 0.

Ïîäñòàâèâ (1.58) â (1.42), ïîëó÷èì ïåðèîäè÷åñêîå ðåøåíèå w∗(ρ, nϕ, s, τ ; ε
1/2)

íà÷àëüíî-êðàåâîé çàäà÷è (1.45)�(1.46), êîòîðîå ñ ó÷åòîì (1.44) ìîæåò áûòü çà-

ïèñàíî â âèäå w∗(ρ, nϕ + τ, s; ε1/2), à ñîãëàñíî (1.45) â âèäå u∗(ρ, nϕ + (ω∗ +

εω1(ε))(t+s); ε
1/2). Ïîêàæåì, ÷òî ýòî ðåøåíèå ìîæåò áûòü ïðåäñòàâëåíî â âèäå

ñõîäÿùåãîñÿ ðÿäà ïî ñòåïåíÿì ε1/2. Âûïèøåì â ÿâíîì âèäå ñ ó÷åòîì (1.42),(1.45),
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(1.58) êîýôôèöèåòû ðàçëîæåíèÿ u∗(.) ïðè ε1/2 è ε. Â ðåçóëüòàòå èìååì

u∗(ρ, ψ; ε
1/2) = ε1/2r∗Rn1(ρ)(e

iψ) + eiψ))/(2π)1/2 + εr2∗(w11(ρ; 0) + w21(ρ; 0)e
i2ψ+

+ w̄21(ρ; 0)e
−i2ψ)/(2π) + ε3/2w(ρ, ψ; ε1/2), ψ = nϕ+ (ω∗ + εω∗1)(t+ s) (1.59)

Ââåäåì â ðàññìîòðåíèå ïðîñòðàíñòâî Han(KR) ⊂ H2(KR) âåùåñòâåííûõ àíà-

ëèòè÷åñêèõ ôóíêöèé, ñîñòîÿùåå èç òàêèõ áåñêîíå÷íî äèôôåðåíöèðóåìûõ ôóí-

öèé u(ρ, ψ), ∂ku(ρ, 0)/∂ψk = ∂ku(ρ, 2π)/∂ψk, k = 0, 1, . . . , äëÿ êîòîðûõ êîíå÷íî

íîðìà

||u(ρ, ψ)||Han
= sup

k=1,2,...
(||u(ρ, ψ)||C , (1/(k!)||∂ku(ρ, ψ)/∂ρk1∂ψk2||C)1/k) <∞.

Î÷åâèäíî, ÷òîHan(KR) áàíàõîâî ïðîñòðàíñòâî. Ïðîäîëæèì ôóíêöèè u(ρ, ψ) 2π-

ïåðèîäè÷åñêè ïî ψ íà R. Ñîîòâåòñòâóþùåå ïðîñòðàíñòâî 2π-ïåðèîäè÷åñêèõ

ôóíêöèé îáîçíà÷èì Han(K
∗
R).

Îáîçíà÷èâ â (1.59) ρ∗ = ρ1, ω∗1 = ω1 è ñ÷èòàÿ w(ρ, ψ; ε1/2) = w(ρ, s) ∈

Han(K
∗
R) èñêîìîé ôóíêöèåé, à ρ1, ω1 ïàðàìåòðàìè, ïîäñòàâèì (1.59) â (1.8).

Ñëàãàåìûå ïðè ñòåïåíÿõ ε1/2 è ε ñîêðàòÿòñÿ â ñèëó âûáîðà ôóíêöèé wjk(ρ; ε).

Ñîêðàòèâ ïîëó÷åííîå ðàâåíñòâà íà ε3/2, ïîëó÷èì äëÿ îïðåäåëåíèÿ w(ρ, s) ñëå-

äóþùåå îïåðàòîðíîå óðàâíåíèå â Han(K
∗
R)

Bw ≡ wψ(ρ, ψ)ω∗ + w −D∆ρ,ϕw(ρ, ψ) + b(0)w(ρ, ψ + nθ − ω∗T ) =

= Φ(ρ, ψ, w(ρ, ψ); ε1/2) ≡

≡ f1(ρ)e
iψ + f̄1(ρ)e

−iψ + f3(ρ)e
i3ψ + f̄3(ρ)e

−i3ψ + µr1F (ρ, ψ, w(ρ, ψ);µ), (1.60)

f1(ρ) = −((1− Tb(0)ei(nθ∗−ω∗T ))iω1 + b1(u∗, γ)e
i(nθ∗−ω∗T )r1Rn1(ρ)/(2π)

1/2+

+ r31(b2(ε)(w20(ρ; 0) + w11(ρ; 0))Rn1(ρ) + b(ε)R3
n1(ρ)/2))e

i(nθ∗−ω∗T )/(2π)3/2
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ãäå µ = ε1/2, f3(ρ), f3ρ(R) = 0 - àíàëèòè÷åñêàÿ ôóíêöèÿ ρ, F (ρ, ψ, w(ρ, ψ);µ) :

: Han(K
∗
R) → Han(K

∗
R) íåëèíåéíûé îãðàíè÷åííûé àíàëèòè÷åñêèé ïî w è

µ (|µ| < µ0) îïåðàòîð (îïðåäåëåíèå èìååòñÿ, íàïðèìåð, â [19]).

Ôóíêöèè w1(ρ, ψ) = Rn1(ρ)e
iψ/(2π)1/2, w−1(ρ, ψ) = Rn1(ρ)e

−iψ/(2π)1/2 è òîëü-

êî îíè (ñ òî÷íîñòüþ äî èõ ëèíåéíîé êîìáèíàöèè) óäîâëåòâîðÿþò óðàâíåíèþ

Bwj(ρ, ψ) = 0, j = −1, 1, à òàêæå óðàâíåíèþ B∗wj(ρ, s) = 0, j = −1, 1, ãäå

B∗w ≡ −wψω∗ +w −D∆ρ,ϕw + b(0)w(ρ, ψ − nθ + ωT ) ñîïðÿæåííûé ñ B îïåðà-

òîð: (Bw2, w3)L2
= (w2, B

∗w3)L2
, w2, w3 ∈ Han(K

∗
R). Â ñâÿçè ñ ýòèì, îïåðàòîð-

íîå óðàâíåíèå Bw = G(ρ, ψ), G(ρ, ψ) ∈ Han(K
∗
R) èìååò ðåøåíèå òîãäà è òîëüêî

òîãäà, êîãäà (G(ρ, ψ), w0j(ρ, ψ))L2
= 0 j = −1, 1. Ðåøåíèå, óäîâëåòâîðÿþùåå

óñëîâèþ (w(ρ, ψ), wj(ρ, ψ))L2
= 0 j = −1, 1, áóäåò åäèíñòâåííûì è îïðåäåëÿòñÿ

w(ρ, ψ) = B−1G(ρ, ψ). Ïðè ýòîì îáðàòíûé îïåðàòîð B−1 áóäåò âïîëíå íåïðå-

ðûâíûì. Óñëîâèÿ ðàçðåøèìîñòè îïåðàòîðíîãî óðàâíåíèÿ (1.60)

(Φ(ρ, ψ, w(ρ, ψ);µ), wj(ρ, ψ))L2
= 0, j = −1, 1 (1.61)

îäíîçíà÷íî îïðåäåëÿþò àíàëèòè÷åñêèå ïî w ∈ Han(K
∗
R) è µ (|µ| < µ0) íåëèíåé-

íûå ôóíêöèîíàëû

ρ1(w;µ) = ρ∗ + µρ∗1(w(ρ, ψ);µ), ω1(w;µ) = ω∗1 + µω∗2(w(ρ, ψ);µ) (1.62)

Ïîäñòàâèì (1.62) â ïðàâóþ ÷àñòü óðàâíåíèÿ (1.60). Â ðåçóëüòàòå áóäåì èìåòü

óäîâëåòâëðÿþùèé óñëîâèÿì (1.62) íåëèíåéíûé îãðàíè÷åííûé àíàëèòè÷åñêèé

ïî w ∈ Han(K
∗
R) è µ (|µ| < µ0) îïåðàòîð Φ(ρ, ψ, w(ρ, ψ);µ), Φ(ρ, ψ, w(ρ, ψ); 0) ≡

Φ0(ρ, ψ). Ýòî ïîçâîëÿåò çàïèñàòü îïåðàòîðíîå óðàâíåíèå (1.60) â âèäå

w(ρ, ψ) = B−1Φ(ρ, ψ, w(ρ, ψ);µ) w(ρ, ψ) ∈ Han(K
∗
R) (w(ρ, ψ),

wj(ρ, ψ))L2
= 0 j = −1, 1. (1.63)
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Îñòàëîñü ïðèìåíèòü ê (1.60) òåîðåìó î íåÿâíîé ôóíêöèè äëÿ íåëèíåéíûõ óðàâ-

íåíèé â áàíàõîâûõ ïðîñòðàíñòâàõ, äîêàçàòåëüñòâî êîòîðîé èìååòñÿ, íàïðèìåð,

â [19]. Ïîëó÷åííîå ðåøåíèå w(ρ, ψ;µ) áóäåò àíàëèòè÷åñêîé ôóíêöèåé ïðè |µ| <

µ0. Ïîäñòàâèâ w(ρ, ψ; ε1/2) â (1.59), ïîëó÷èì ïåðèîä÷åñêîå ðåøåíèå u∗(ρ, ψ; ε1/2),

êîòîðîå ïðåäñòàâëåíî â âèäå ñõîäÿùåãîñÿ ðÿäà ïî ñòåïåíÿì ε1/2

u∗(ρ, ψ; ε
1/2) = ε1/2u1(ρ, ψ) + εu2(ρ, ψ) + ε3/2u3(ρ, ψ) + . . . ,

ψ = nϕ+(ω∗+εω∗1+ε
2ω∗2+. . . )(t+s), u1(ρ, ψ) = (2/π)1/2r∗Rn1(ρ) cos(ψ). (1.64)

Ôóíêöèè uj(ρ, ψ) è âåëè÷èíû ω∗j, âõîäÿùèå â (1.64), ìîãóò áûòü ïîëó÷åíû

äî ëþáîãî ïîðÿäêà íåïîñðåäñòâåííî. Äëÿ ýòîãî â (1.64) íåîáõîäèìî çàìåíèòü

r∗ → r∗ + εr∗1 + ε2r∗2 + . . . è ïîäñòàâèòü â íà÷àëüíî-êðàåâóþ çàäà÷ó (1.8)�

(1.9). Ïðèðàâíèâàÿ òåïåðü êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ ε1/2, ïî-

ëó÷èì ðåêóððåíòíóþ ïîñëåäîâàòåëüíîñòü îïåðàòîðíûõ óðàâíåíèé Buj(ρ, ψ) =

Gj(ρ, ψ), ãäå Gj(ρ, ψ) = Gj(ρ, ψ, u1(ρ, ψ), ..., uj−1(ρ, ψ)) ïðè j = 2k è Gj(ρ, ψ) =

Gj(ρ, ψ, u1(ρ, ψ), ..., uj−1(ρ, ψ), r∗k, ω∗k) ïðè j = 2k + 1, k = 1, 2, . . . . Ïðè j = 2k

îïåðàòîðíûå óðàâíåíèÿ îäíîçíà÷íî ðàçðåøèìû, ïðè j = 2k + 1 óñëîâèÿ ðàçðå-

øèìîñòè (Gj(ρ, ψ), wp(ρ, ψ))L2
= 0, p = −1, 1 îäíîçíà÷íî îïðåäåëÿþò r∗k, ω∗k, à

ðåøåíèå, óäîâëåòâîðÿþùåå óñëîâèÿì (uj(ρ, ψ), wp(ρ, s))L2
= 0, p = −1, 1 îïðå-

äåëÿåòñÿ îäíîçíà÷íî. Ïðè ýòîì u2k(ρ, ψ) ñîäåðæàò ëèøü ÷åòíûå ãàðìîíèêè ïî

ψ äî ïîðÿäêà 2k âêëþ÷èòåëüíî, à u2k+1(ρ, ψ) ëèøü íå÷åòíûå ãàðìîíèêè ïî ψ

äî ïîðÿäêà 2k + 1 âêëþ÷èòåëüíî.

Ðåøåíèå âèäà (1.64) ïðåäñòàâëÿåò ñîáîé ðîòàöèîííóþ âîëíó, âðàùàþùóþñÿ

ïî ÷àñîâîé ñòðåëêå.

Åñëè òî÷êà K∗, θ∗ áóäåò íàõîäèòñÿ íà ãðàíöå îáëàñòè D0, ñîîòâåòñòâóþùåé

ëåâîé âåòâè çàìêíóòîé êðèâîé, èìåþùåé ìèíèìóì â òî÷êå θ = π/n è ïðè ýòîì

ïó÷åê îïåðàòîðîâ (1.13) èìååò ïàðó êîìïëåêñíî ñîïðÿæåííûõ òî÷åê ñïåêòðà
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±iω∗, ω∗ > 0, òî âñå ðàññóæäåíèÿ ïî÷òè äîñëîâíî ïîâòîðÿþòñÿ. Â ýòîì ñëó÷àå

íà÷àëüíî-êðàåâàÿ çàäà÷à (1.8)�(1.9) èìååò ïðè ε > 0 â îêðåñíîñòè íóëåâîãî

ñîñòîÿíèÿ ðàâíîâåñèÿ ïåðèîäè÷åñêîå ðåøåíèå âèäà (1.64), â êîòîðîì ψ = −nϕ+

(ω∗ + εω1(ε))(t + s), ò.å. ýòî ðåøåíèå ïðåäñòàâëÿåò ñîáîé ðîòàöèîííóþ âîëíó,

âðàùàþùóþñÿ ïðîòèâ ÷àñîâîé ñòðåëêè.

Ïóñòü òåïåðü θ∗ = π/n. Â ýòîì ñëó÷àå ïó÷åê îïåðàòîðîâ (1.13) èìååò äâóõ-

êðàòíóþ íóëåâóþ òî÷êó ñïåêòðà, êîòîðîé îòâå÷àåò äâå ñîáñòâåííûå ôóíêöèè

un1(ρ, nϕ), ūn1(ρ, nϕ). Â ýòîì ñëó÷àå ñèñòåìà óðàâíåíèé (1.43) òðàåêòîðèé íà

öåíòðàëüíîì ìíîãîîáðàçèè ñòðîèòñÿ àíàëîãè÷íî, ïðè ýòîì èìååì, â ÷åì ëåãêî

óáåäèòñÿ íåïîñðåäñòâåííî ñ ó÷åòîì (1.44), Imλ(ε) = 0, Imd(ε) = 0,

ImZ1(z, z̄; ε) = 0. Â ðåçóëüòàòå, ïåðåéäÿ â (1.43) ê ïîëÿðíûì êîîðäèíàòàì

z = reiτ , èìååì ñèñòåìó óðàâíåíèé

ṙ = (χ(ε) + a(ε)r2 +R(ρ2; ε))r, τ̇ = 0 (R(ρ2; ε) ≡ Z1(z, z̄; ε)), (1.65)

êîòîðàÿ èìååò ñåìåéñòâî óñòîé÷èâûõ ñîñòîÿíèé ðàâíîâåñèÿ r(ε) = ε1/2r∗(1 +

O(ε)), τ = c, ãäå c ïðîèçâîëüíàÿ ïîñòîÿííàÿ, ρ∗ = (−χ1/a(0))
1/2. Ýòîìó ñåìåé-

ñòâó ñîñòîÿíèé ðàâíîâåñèÿ â íà÷àëüíî-êðàåâîé çàäà÷å (1.8)�(1.9) ñîîòâåòñòâóåò

îäíîïàðàìåòðè÷åñêîå ñåìåéñòâî óñòîé÷èâûõ ïðîñòðàíñòâåííî íåîäíîðîäíûõ ñî-

ñòîÿíèé ðàâíîâåñèÿ, îïðåäåëÿåìûõ ôîðìóëîé (1.64), â êîòîðîé (ω∗+εω∗1(ε))(t+

s) ≡ const.

Òàêèì îáðàçîì, ïðè èçìåíåíèè θ∗ âäîëü ãðàíèöû îáëàñòè D0 ïðè K = K∗+ε

è ïðîõîäÿ òî÷êó θ∗ = π/n, â îêðåñòíîñòè ñîñòîÿíèÿ ðàâíîâåñèÿ u∗ = u∗(K∗(θ), γ)

óñòîé÷èâàÿ ðîòàöèîííàÿ âîëíà (ïðîñòðàíñòâåííî íåîäíîðîäíîå ïåðèîäè÷åñêîå

ðåøåíèå ïåðèîäà T (ε) = 2π/(ω∗ + εω1(ε))) ìåíÿåò íàïðàâëåíèå âðàùåíèÿ, ïðî-

õîäÿ ÷åðåç îäíîïàðàìåòðè÷åñêîå ñåìåéñòâî ïðîñòðàíñòâåííî íåîäíîðîäíûõ ñî-

ñòîÿíèé ðàâíîâåñèÿ. Ïðè ýòîì ïåðèîä ïåðèîäè÷åñêîãî ðåøåíèÿ T (ε) → ∞ ïðè

θ → π/n.
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Ñêàçàííîå ñôîðìóëèðóåì îêîí÷àòåëüíî â âèäå ñëåäóþùåé òåîðåìû.

Òåîðåìà 3. Ïóñòü ïðè âûáðàííûõ D,T, γ ïàðàìåòðû K∗, θ∗ ïðèíàäëåæàò

ãðàíèöå îáëàñòè óñòîé÷èâîñòè ñîñòîÿíèÿ ðàâíîâåñèÿ u∗ = u∗(K∗, γ) è ïðè

ýòîì óðàâíåíèå (1.15) èìååò ðåøåíèå λ = iω∗ (−iω∗), ω∗ > 0 ïðè íåêîòî-

ðîì n > 0, ïóñòü òàêæå χ1 > 0 è a(0) < 0. Òîãäà ñóùåñòâóþò òàêèå

ε0, R > 0, ÷òî ïðè K = K∗ + ε, 0 < ε < ε0 â øàðå Su∗(R) íà÷àëüíî-êðàåâàÿ

çàäà÷à (1.1)�(1.2) èìååò ïðîñòðàíñòâåííî íåîäíîðîäíîå ïåðèîäè÷åñêîå ðåøå-

íèå u∗(ρ, ψ; ε
1/2) ∈ Han(KR), ψ = nϕ + (ω∗ + εω1(ε))(t + s) (ψ = −nϕ +

(ω∗+ εω1(ε))(t+ s))), ïåðèîäà T (ε) = 2π/(ω∗+ εω1(ε)) âèäà (1.64). Âñå îñòàëü-

íûå ðåøåíèÿ íà÷àëüíî-êðàåâîé çàäà÷è (1.1)�(1.2) ñ íà÷àëüíûìè óñëîâèÿìè èç

Su∗(R) ïðè t → ∞ ñòðåìÿòñÿ ê ýòîìó ïåðèîäè÷åñêîìó ðåøåíèþ â íîðìå

H0(KR;−T, 0). Ýòî ðåøåíèå ÿâëÿåòñÿ ðîòàöèîííîé âîëíîé, âðàùàþùåéñÿ ïî

÷àñîâîé ñòðåëêå (ïðîòèâ ÷àñîâîé ñòðåëêè). Åñëè ïðè ýòîì θ∗ = π/n, òî â

øàðå Su∗(R) íà÷àëüíî-êðàåâàÿ çàäà÷à (1.1)�(1.2) èìååò îäíîïàðàìåòðè÷åñêîå

ñåìåéñòâî ïðîñòðàíñòâåííî íåîäíîðîäíûõ ñîñòîÿíèé ðàâíîâåñèÿ, çàäàâàåìûõ

ôîðìóëîé (1.64), â êîòîðîé (ω∗ + εω∗1(ε))(t + s) ≡ const. Ïðè ïðîõîæäåíèè

ïàðàìåòðîì θ∗ òî÷êè π/n ïåðèîä ïåðèîäè÷åñêîãî ðåøåíèå (1.64) T (ε) → ∞ è

ðîòàöèîííàÿ âîëíà ìåíÿåòñÿ íàïðàâëåíèå âðàùåíèÿ.

Ðàññìîòðèì òåïåðü ñëó÷àé, êîãäà òî÷êà K∗, θ∗ ãðàíèöû îáëàñòè óñòîé÷èâî-

ñòè ñîñòîÿíèÿ ðàâíîâåñèÿ u∗ = u∗(K∗, γ) (1.1)-(1.2) ÿâëÿåòñÿ òî÷êîé ïåðåñå÷å-

íèÿ çàìêíóòûõ êðèâûõ, îïðåäåëÿþùèõ ãðàíèöó îáëàñòè D0 è ñîîòâåòñòâóþùèõ

ðàçëè÷íûì çíà÷åíèÿì n. Ýòî ìîãóò áûòü, íàïðèìåð, òî÷êè, îòìå÷åííûå * íà

ðèñ. 3. Â ýòîì ñëó÷àå ïó÷åê îïåðàòîðîâ (1.13) èìååò äâå ïàðû êîìïëåêñíî ñîïðÿ-

æåííûõ òî÷åê ñïåêòðà ±iω∗j, ω∗j > 0, j = 1, 2, êîòîðûì îòâå÷àþò ñîáñòâåííûå

ôóíêöèè enj1(ρ, ϕ), ēnj1(ρ, ϕ), j = 1, 2, âîçìîæåí òàêæå ñëó÷àé, êîãäà îäíà èç ïàð

êîìïëåêñíî ñîïðÿæåííûõ òî÷åê ñïåêòðà ïðåâðàùàåòñÿ â äâóõêðàòíóþ íóëåâóþ

òî÷êó. Ïðè ýòîì n1 è n2 âñåãäà ñâÿçàíû ñîîòíîøåíèåì n1 = n, n2 = n+1, à óðàâ-
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íåíèþ (1.15) ìîæåò óäîâëåòâîðÿòü êàê iω∗j, òàê è −iω∗j. Îòìåòèì òàêæå, ìåæäó

ω∗1 è ω∗2 íå âîçìîæíû ðåçîíàíñíûå ñîîòíîøåíèÿ ω∗1/ω∗2 = 1/3, 1/2, 1, 2, 3. Ýòî

íåñëîæíî ïîêàçàòü, ïðåäïîëîæèâ ïðîòèâíîå è ïîëó÷èâ ïðîòèâîðå÷èå èç ðàâåí-

ñòâà âûðàæåíèé (1.24), (1.25) äëÿ ðàçíûõ n. Ïîýòîìó äàëüíåéøèé àíàëèç áóäåò

ïðîäèòñÿ ïî �íåðåçîíàíñíîé� ñõåìå.

Ðàññìîòðèì ñíà÷àëà ñëó÷àé äâóõ ïàð êîìïëåêñíî ñîïðÿæåííûõ òî÷åê ñïåê-

òðà ïó÷åê îïåðàòîðîâ (1.13). Ïðè ýòîì äëÿ îïðåäåëåííîñòè ñ÷èòàåì, ÷òî óðàâ-

íåíèþ (1.15) ïðè n è n + 1 óäîâëåòâîðÿþò ñîîòâåòñòâåííî iω∗1 è iω∗2 è ω∗j >

0, j = 1, 2. Ýòîìó óñëîâèþ óäîâëåòâîðÿåò, íàïðèìåð, òî÷êà, îòìå÷åííàÿ íà ðèñ.

3 è èìåþùàÿ áîëüøóþ êîîðäèíàòó θ. ÏîëîæèìK = K∗+ε1, θ = θ∗+ε2, ãäå ε1, ε2

� ìàëûå ïàðàìåòðû, â äàëüíåéøåì îáîçíà÷èì ε̄ = (ε1, ε1). Èç (1.15) íàõîäèì

λj(ε̄) = χj(ε̄) + i(ω∗j + σj(ε̄)) = iω∗j + ε1λ
(1)
1j + ε2λ

(2)
1j + ...,

λ
(1)
1j = −b1(u∗, γ)eiqθ∗, λ(2)1j = −b(u∗, γ)ipeiqθ∗, q = n+ j − 1, j = 1, 2. (1.66)

Ââåäåì ôóíêöèè

e1j(ρ, ϕ, s; ε̄) = u1(ρ, qϕ)e
λj(ε̄)s, ē1j(ρ, qϕ, s; ε̄) ∈ H̃1(KR;−T, 0), (1.67)

h1j(ρ, ϕ, s; ε̄) =

= u1(ρ, qϕ)e
pj(ε)s/P

′

−q1(−pj(ε̄); ε̄), h̄1j(ρ, qϕ, s; ε̄) ∈ H̃1(KR; 0, T ),

q = n+ j − 1, j = 1, 2.

Â ýòîì ñëó÷àå H+(ε̄) åñòü ìíîæåñòâî ôóíêöèé âèäà

u+(ρ, ϕ, s) = e11(ρ, ϕ, s; ε̄)z1 + ē11(ρ, ϕ, s; ε̄)z̄1+

+ e12(ρ, ϕ, s; ε̄)z2 + ē12(ρ, ϕ, s; ε̄)z̄2, z1, z2 ∈ C, (1.68)
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à H−(ε̄) ñîîòâåòñòâåííî ìíîæåñòâî ôóíêöèé u−(ρ, ϕ, s) ∈ H0(KR;−T, 0), äëÿ

êîòîðûõ < u−(ρ, ϕ, s), h1j(ρ, ϕ, s; ε̄) >= 0,

< u−(ρ, ϕ, s), h̄1j(ρ, ϕ, s; ε̄) >= 0, j = 1, 2 (H+(ε̄)
⊕

H−(ε̄) = H0(KR;−T, 0)).

H+(ε̄) îïðåäåëÿåò ÷åòûðåõìåðíîå ïðîñòðàíñòâî ðåøåíèé u+(ρ, ϕ, s, t; ε̄)

íà÷àëüíî-êðàåâîé çàäà÷è (1.11)-(1.12) âèäà (1.68), â êîòîðîì zj = zj(t) ðåøåíèå

óðàâíåíèé

żj = λj(ε̄)zj, j = 1, 2. (1.69)

Îáîçíà÷èì S±(R)(ε̄) = S(R)
⋂
H±(ε̄). Â ðàññìàòðèâàåìîì ñëó÷àå íà÷àëüíî-

êðàåâàÿ çàäà÷à (1.8)�(1.9) èìååò ÷åòûðåõìåðíîå öåíòðàëüíîå (èíâàðèàíòíîå)

ìíîãîîáðàçèå M(ε̄) ⊂ S(R), êîòîðîå îïðåäåëåíî òåîðåìàìè 1,2 ïðèìåíèòåëüíî

ê ðàññìàòðèâàåìîìó ñëó÷àþ è êîòîðîå ïðåäñòàâèìî â âèäå

G(ρ, ϕ, s, z1, z̄1, z2, z̄2; ε) =

= en1(ρ, ϕ, s; ε̄)z1 + ēn1(ρ, ϕ, s; ε̄)z̄1 + en+11(ρ, ϕ, s; ε̄)z1+

+ ēn+11(ρ, ϕ, s; ε̄)z̄1 + v2000(.)z
2
1 + v1100(.)z1z̄1 + v0200(.)z̄

2
1 + . . .

+ v0030(.)z
3
2 + v0021(.)z

2
2 z̄2 + v0012(.)z2z̄

2
2+

+ v0003(.)z̄
3
2 + g(ρ, ϕ, s, z1, z̄1, z2, z̄2; ε̄), (1.70)

ãäå vjk(.) = vjk(ρ, ϕ, s; ε̄), vjk(.) = v̄kj(.), ||g(ρ, ϕ, z1, z̄1, z2, z̄2; ε̄)||H1
= o(|z|3), |z| =

(|z1|2 + |z2|2)1/2. Ïðè ýòîì ñèñòåìà îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíå-

íèé, îïðåäåëÿþùàÿ ïîâåäåíèå òðàåêòîðèé (1.8)�(1.9) íà (1.70) è çàïèñàííàÿ â

íîðìàëèçîâàííîé ôîðìå äî êóáè÷åñêèõ ñëàãàåìûõ âêëþ÷èòåëüíî [?], èìååò âèä

ż1 = λ1(ε̄)z1 + d11(ε̄)|z1|2z1 + d12(ε̄)|z2|2z1 + Z1(z1, z̄1, z2, z̄2; ε̄) ≡

≡ Z∗
1(z1, z̄1, z2, z̄2; ε̄),
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ż2 = λ2(ε̄)z2 + d21(ε̄)|z1|2z2 + d22(ε̄)|z2|2z2 + Z2(z1, z̄1, z2, z̄2; ε̄) ≡

≡ Z∗
2(z1, z̄1, z2, z̄2; ε̄), (1.71)

ãäå |Zj(z1, z̄1, z2, z̄2; ε̄)| = o(|z|3), j = 1, 2. Ïî àíàëîãèè ñ (1.44) èìååì

g(ρ, ϕ+ c, z1, z̄1, z2, z̄2; ε̄) ≡ g(ρ, ϕ, z1e
inc, z̄1e

−inc, z2e
i(n+1)c, z̄2e

−i(n+1)c; ε̄),

Zj(z1, z̄1, z2, z̄2; ε̄) ≡ zjZj1(z1, z̄1, z2, z̄2; ε̄),

Zj1(z1e
inc, z̄1e

−inc, z2e
i(n+1)c, z̄2e

−i(n+1)c; ε̄) ≡ Zj1(z1, z̄1, z2, z̄2; ε̄), j = 1, 2. (1.72)

Â ðàññìàòðèâàåìîì ñëó÷àå óñëîâèå ïðèíàäëåæíîñòè òðàåêòîðèé ñèñòåìû

óðàâíåíèé (1.71) íà÷àëüíî-êðàåâîé çàäà÷è (1.8)�(1.9) â ñèëó ìíîãîîáðàçèÿ (1.70)

îïðåäåëÿåò òîæäåñòâà

2∑
j=1

(
∂G(.)

∂zj
Z∗
j (z1, z̄1, z2, z̄2; ε̄) +

∂G(.)

∂z̄j
Z̄∗
j (z1, z̄1, z2, z̄2; ε̄)) + G(.) ≡ ∂G(.)

∂s
(1.73)

Gs(ρ, ϕ, 0, z1, z̄1, z2, z̄2; ε̄) ≡

≡ −G(ρ, ϕ, 0, z1, z̄1, z2, z̄2; ε̄) +D∆ρϕG(ρ, ϕ, 0, z1, z̄1, z2, z̄2; ε̄)−

−b(ε1)Gθ(ρ, ϕ,−T, z1, z̄1, z2, z̄2; ε̄) + b2(ε1)Gθ(ρ, ϕ,−T, z1, z̄1, z2, z̄2; ε̄)2/2+

+b(ε1)Gθ(ρ, ϕ,−T, z1, z̄1, z2, z̄2; ε̄)3/6 + . . . , (1.74)

äëÿ îïðåäåëåíèÿ êîýôôèöèåíòîâ ðàçëîæåíèé (1.70)�(1.71).

Ïðèðàâíèâàÿ â (1.73)�(1.74) êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ z1, z̄1, z2, z̄2

ïîëó÷èì äëÿ îïðåäåëåíèÿ ôóíêöèé, âõîäÿùèõ â (1.70), ðåêóððåíòíóþ ïîñëå-

äîâàòåëüíîñòü êðàåâûõ çàäà÷ àíàëîãè÷íûõ (1.49)�(1.53). ×àñòü ýòèõ êðàåâûõ

çàäà÷ îäíîçíà÷íî ðàçðåøèìà àâòîìàòè÷åñêè, îäíîçíà÷íîé ðàçðåøèìîñòè äðó-

ãîé ÷àñòè äîáèâàåìñÿ âûáîðîì êîýôôèöèåíòîâ djk(ε̄) (îäíîçíà÷íûì) ïî àíà-
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ëîãèè ñ êðàåâîé çàäà÷åé (1.53). Îïóñêàÿ ãðîìîçäêèå âû÷èñëåíèÿ, ïðèâåäåì

íåîáõîäèìûå äëÿ áèôóðêàöèîííîãî àíàëèçà âûðàæåíèÿ äëÿ êîýôôèöèåíòîâ

djk(ε̄) = ajk(ε̄) + icjk(ε̄).

d11(ε̄) = ein(θ∗+ε2)−(2λ1(ε̄)+λ̄1(ε̄))T/(1+ b(ε1)e
in(θ∗+ε2)−(2λ1(ε̄)+λ̄1(ε̄))T (1− e(λ1(ε̄)+λ̄1(ε̄))T )/

/(λ1(ε̄)+λ̄1(ε̄)))(b2(ε1)(w2000(ρ; ε̄)+w1100(ρ; ε̄))Rn1(ρ)+b(ε1)R
3
n1(ρ)/2, Rn1(ρ))/(2π),

d12(ε̄) = ein(θ∗+ε2)−(λ1(ε̄)+λ2(ε̄)+λ̄2(ε̄))T/(2π)/

/(1 + b(ε1)e
in(θ∗+ε2)−(λ1(ε̄)+λ2(ε̄)+λ̄2(ε̄))T (1− e(λ2(ε̄)+λ̄2(ε̄))T )/(λ2(ε̄) + λ̄2(ε̄)))×

× (b2(ε1)(w0011(ρ; ε)Rn1(ρ) + (w1010(ρ; ε)+

+ w1001(ρ; ε))Rn+11(ρ)) + b(ε1)R
2
n+11(ρ)Rn1(ρ), Rn1(ρ)),

d21(ε̄) = ein(θ∗+ε2)−(λ2(ε̄)+λ1(ε̄)+λ̄1(ε̄))T/(2π)/

/(1 + b(ε1)e
in(θ∗+ε2)−(λ2(ε̄)+λ1(ε̄)+λ̄1(ε̄))T (1− e(λ1(ε̄)+λ̄1(ε̄))T )/(λ1(ε̄) + λ̄1(ε̄)))×

× (b2(ε1)(w1100(ρ; ε̄)Rn+11(ρ) + (w1010(ρ; ε̄) + w0110(ρ; ε̄))Rn11(ρ))+

+ b(ε̄)R2
n1(ρ)Rn+11(ρ), Rn+11(ρ)),

d22(ε̄) = ein(θ∗+ε2)−(2λ2(ε̄)+λ̄2(ε̄))T/(1+ b(ε1)e
in(θ∗+ε2)−(2λ2(ε̄)+λ̄2(ε̄))T (1− e(λ2(ε̄)+λ̄2(ε̄))T )/

/(λ2(ε̄) + λ̄2(ε̄)))(b2(ε1)(w0020(ρ; ε̄) + w0011(ρ; ε̄))Rn+11(ρ)+

+ b(ε1)R
3
n+11(ρ)/2, Rn+11(ρ))/(2π),
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w2000(ρ; ε̄) =
∞∑
j=1

p2nj(ε̄)R2nj(ρ), p2nj(ε̄) = (R2
n1(ρ), R2nj(ρ))×

× b2(ε1)e
i2n(θ∗+ε2)−2λ1(ε̄)T/(2λ1(ε̄) + 1 +Dγ22nj + b(ε1)e

i2n(θ∗+ε2)−2λ1(ε̄)T )/2,

w1100(ρ; ε̄) =
∞∑
j=0

p0j(ε̄)R0j(ρ), p0j(ε̄) = (R2
n1(ρ), R0j(ρ))×

× b2(ε1)e
−(λ1(ε̄)+λ̄1(ε̄))T/(λ1(ε̄) + λ̄1(ε̄) + 1 +Dγ20j + b(ε1)e

−(λ1(ε̄)+λ̄1(ε̄))T ),

w0020(ρ; ε̄) =
∞∑
j=1

p2(n+1)j(ε̄)R2(n+1)j(ρ), p2(n+1)j(ε̄) = (R2
n+11(ρ), R2(n+1)j(ρ))×

×b2(ε1)ei2(n+1)(θ∗+ε2)−2λ2(ε̄)T/(2λ2(ε̄)+1+Dγ22(n+1)j+b(ε1)e
i2(n+1)(θ∗+ε2)−2λ2(ε̄)T )/2,

w0011(ρ; ε̄) =
∞∑
j=0

p0j(ε̄)R0j(ρ), p0j(ε̄) = (R2
n+11(ρ), R0j(ρ))×

× b2(ε1)e
−(λ2(ε̄)+λ̄2(ε̄))T/(λ2(ε̄) + λ̄2(ε̄) + 1 +Dγ20j + b(ε1)e

−(λ2(ε̄)+λ̄2(ε̄))T ),

w1010(ρ; ε̄) =
∞∑
j=1

p2n+1j(ε̄)R2n+1j(ρ), p2n+1j(ε̄) = (Rn1(ρ)Rn+11(ρ), R2n+1j(ρ))×

× b2(ε1)e
i(2n+1)(θ∗+ε2)−(λ1(ε̄)+λ2(ε̄))T/(λ1(ε̄) + λ2(ε̄) + 1 +Dγ22n+1j+

+ b(ε1)e
i(2n+1)(θ∗+ε2)−(λ1(ε̄)+λ2(ε̄))T ),

w0110(ρ; ε̄) =
∞∑
j=1

p1j(ε̄)R1j(ρ), p1j(ε) =

= (Rn1(ρ)Rn+11(ρ), R1j(ρ))b2(ε1)e
i(θ∗+ε2)−(λ̄1(ε̄)+λ2(ε̄))T/

/(λ̄1(ε̄) + λ2(ε̄) + 1+Dγ21j + b(ε1)e
i(θ∗+ε2)−(λ̄1(ε̄)+λ2(ε̄))T ), w1001(ρ; ε̄) = w̄0110(ρ; ε̄).



51

Èññëåäóåì ïîâåäåíèå ðåøåíèé ñèñòåìû óðàâíåíèé (1.71). Ïåðåéäåì â ïëîñ-

êîñòè ïàðàìåòðîâ ε̄ = (ε1, ε2) è ïëîñêîñòÿõ z1 è z2 ê ïîëÿðíûì êîîðäèíàòàì,

ñîîòâåòñòâåííî ïîëîæèâ

ε1 = ε cos(α), ε2 = ε sin(α), ε = (ε21 + ε22)
1/2, 0 ≤ α < 2π (1.75)

è zj = ε1/2ρje
iτj , ρj ≥ 0, j = 1, 2. Çàïèøåì ñèñòåìó óðàâíåíèé (1.71) ñ ó÷åòîì

(1.66),(1.72), (1.75) â íîâûõ ïåðåìåííûõ è â çàâèñèìîñòè îò íîâûõ ïàðàìåòðîâ

ρ̇j = ε(χ1
j(α, ε) + aj1(α, ε)ρ

2
1 + aj2(α, ε)ρ

2
2 + εRj(ρ

2
1, ρ

2
2;α, ε))ρj, (1.76)

τ̇j = ω∗j+ε(σ
1
j (α, ε)+bj1(α, ε)ρ

2
1+bj2(α, ε)ρ

2
2+εTj(ρ

2
1, ρ

2
2;α, ε)), j = 1, 2. (1.77)

Â (1.76)�(1.77) χ1
j(α, ε) = χj(α, ε)/ε, σ

1
j (α, ε) = σj(α, ε)/ε íåïðåðûâíûå ïðè 0 ≤

ε < ε0 ôóíêöèè, ajk(α, ε) + ibjk(α, ε) = djk(α, ε) (djk(α, 0) = djk(0)),

ε2(Rj(ρ
2
1, ρ

2
2;α, ε)) + iTj(ρ

2
1, ρ

2
2;α, ε)) =

= Zj1(ε
1/2ρ1e

iτ1, ε1/2ρ1e
−iτ1, ε1/2ρ2e

iτ2, ε1/2ρ2e
−iτ2;α, ε) ≡

≡ Zj1(ε
1/2ρ1, ε

1/2ρ1, ε
1/2ρ2, ε

1/2ρ2;α, ε).

Ïîâåäåíèå ðåøåíèé ñèñòåìû óðàâíåíèé (1.76)�(1.77) ïðè ìàëûõ ε îïðåäåëÿ-

åòñÿ â îñíîâíîì (ñì., íàïðèìåð, [57]) ïîâåäåíèåì ðåøåíèé ãëàâíîé ÷àñòè óðàâ-

íåíèé �ìåäëåííûõ� ïåðåìåííûõ (1.76)

ρ̇j = (χ∗
j(α) + aj1(0)ρ

2
1 + aj2(0)ρ

2
2)ρj, j = 1, 2, (1.78)

ãäå χ∗
j(α) = χ1

j(α, 0). Òàê, ýêñïîíåíöèàëüíî óñòîé÷èâûì ñîñòîÿíèÿì ðàâíîâå-

ñèÿ (1.78) âèäà (ρ∗1, 0) è (0, ρ∗2) ïðè ìàëûõ ε â (1.76)�(1.77) è ñèñòåìå óðàâ-

íåíèé (1.71) ñîîòâåòñòâóþò ïåðèîäè÷åñêèå ðåøåíèÿ ñ ïåðèîäàìè áëèçêèìè ê

2π/ω∗1 è 2π/ω∗2 ñîîòâåòñòâåííî è òîãî æå õàðàêòåðà óñòîé÷èâîñòè. Ñîñòîÿ-

íèþ ðàâíîâåñèÿ âèäà (ρ∗1, ρ∗2), ρ∗j > 0 â (1.76)�(1.77) è (1.71) ñîîòâåòñòâóåò

äâóìåðíûé èíâàðèàíòíûé òîð, õàðàêòåð óñòîé÷èâîñòè êîòîðîãî îïðåäåëÿåòñÿ
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óñòîé÷èâîñòüþ (íåóñòîé÷èâîñòüþ) ñîñòîÿíèÿ ðàâíîâåñèÿ. Îòìåòèì, ÷òî ñèñòå-

ìà óðàâíåíèé (1.78) ìîæåò èìåòü ïåðèîäè÷åñêèå ðåøåíèÿ ëèøü â èñêëþ÷èòåëü-

íûõ (âûðîæäåííûõ) ñëó÷àÿõ. ×èñëåííûé àíàëèç, âûïîëíåííûé äëÿ ðàçëè÷íûõ

çíà÷åíèé ïàðàìåòðîâ T,D, γ ïîêàçàë, ÷òî â òî÷êàõ K∗, θ∗, ÿâëÿþùèõñÿ òî÷êà-

ìè ïåðåñå÷åíèÿ çàìêíóòûõ âåòâåé ãðàíèöû îáëàñòèD0, îòâå÷àþùèõ ðàçëè÷íûì

çíà÷åíèÿì n, n+1, âñåãäà âûïîëíåíû ñëåäóþùèå íåðàâåíñòâà: ajk(0) < 0, j, k =

1, 2, ∆ = a11(0)a22(0) − a12(0)a21(0) < 0. Ýòè óñëîâèÿ ñ÷èòàåì â äàëüíåéøåì

âûïîëíåíûìè. Ñèñòåìà óðàâíåíèé âèäà (1.78) ïîäðîáíî ïðîàíàëèçèðîâàíà â ðà-

áîòå [57]. Â íàøåì ñëó÷àå ñèñòåìà óðàâíåíèé (1.78) ëåãêî àíàëèçèðóåòñÿ íåïî-

ñðåäñòâåííî. Ôîðìóëû ñîñòîÿíèé ðàâíîâåñèÿ (1.78) èìåþò âèä

(ρ∗1, 0) = ((−χ∗
1(α)/a11(0))

1/2, 0), (0, ρ∗2) = (0, (−χ∗
2(α)/a22(0))

1/2), (1.79)

(ρ∗1, ρ∗2) = ((−a22(0)χ∗
1(α) + a12(0)χ

∗
2(α))/∆)1/2,

(a21(0)χ
∗
1(α)− a11(0)χ

∗
2(α))/∆)1/2). (1.80)

Â ñîîòâåòñòâèè ñ ýòèì íà ïëîñêîñòè ε1, ε2 îïðåäåëèì ïðÿìûå (ëó÷è), âûõîäÿ-

ùèå èç íóëåâîé òî÷êè: Γ1 : χ∗
1(α) = 0, Γ2 : χ∗

2(α) = 0, Γ3 : −a22(0)χ∗
1(α) +

a12(0)χ
∗
2(α)) = 0, Γ4 : a21(0)χ

∗
1(α)−a11(0)χ∗

2(α) = 0. Áèôóðêàöèîííàÿ äèàãðàì-

ìà è ñîîòâåòñòâóþùèå ôàçîâûå ïîðòðåòû (1.78) â çàâèñèìîñòè îò α ïðèâåäå-

íû íà ðèñ. 9. Äèàãðàììà ïðèâåäåíà ïðèìåíèòåëüíî ê ðàññìàòðèâàåìîé òî÷êå.

Â äðóãèõ òî÷êàõ ãðàíèöû îáëàñòè D0 ðàñïîëîæåíèå ïðÿìûõ Γj ìîæåò áûòü

íåñêîëüêî èíûì, íî õàðàêòåð ôàçîâûõ ïåðåñòðîåê îñòàåòñÿ íåèçìåííûì.
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Ðèñ.1.9

Êàæäîìó ñîñòîÿíèþ ðàâíîâåñèÿ âèäà (1.79) â íà÷àëüíî-êðàåâîé çàäà÷à (1.1)�

(1.2) ñîîòâåòñòâóåò ïåðèîäè÷åñêîå ðåøåíèå âèäà (1.64) (ðîòàöèîííàÿ âîëíà),

ïðèíàäëåæàùåå Su∗(R), àíàëîãè÷íîãî ñ ñîñòîÿíèåì ðàâíîâåñèÿ õàðàêòåðà óñòîé-

÷èâîñòè. Äîêàçàòåëüñòâî ýòîãî óòâåðæäåíèÿ ïðîâîäèòñÿ ïî èçëîæåííîé âûøå

ñõåìå. Ñîñòîÿíèþ ðàâíîâåñèÿ (1.80) â (1.1)�(1.2) ñîîòâåòñòâóåò äâóìåðíûé èí-

âàðèàíòíûé òîð, ïðèíàäëåæàùèé Su∗(R), â íàøåì ñëó÷àå îí âñåãäà íåóñòîé÷èâ.

Òàêèì îáðàçîì, áèôóðêàöèîííûé ñöåíàðèé ñ îêðåñòíîñòè òî÷êè K∗, θ∗ ïå-

ðåñå÷åíèÿ çàìêíóòûõ êðèâûõ, ñîîòâåòñòâóþùèõ çíà÷åíèÿì n è n + 1 ãðàíèöû

îáëàñòè D0, âûãëÿäèò ñëåäóþùèì îáðàçîì. Ïðè θ < θ∗ è K > K∗ â Su∗(R) èìå-

åòñÿ åäèíñòâåííîå óñòîé÷èâîå ïåðèîäè÷åñêîå ðåøåíèå âèäà (1.64) � ðîòàöèîííàÿ

âîëíà, ñîîòâåòñòâóþùàÿ çíà÷åíèÿì n. Ïðè óâåëè÷åíèè θ èç ñîñòîÿíèÿ ðàâíî-

âåñèÿ u∗ áèôóðöèðóåò íåóñòîé÷èâîå ïåðèîäè÷åñêîå ðåøåíèå âèäà (1.64) � ðîòà-

öèîííàÿ âîëíà, ñîîòâåòñòâóþùàÿ çíà÷åíèÿì n + 1. Ïðè äàëüíåéøåì óâåëè÷å-

íèè θ èç ýòîãî ïåðèîäè÷åñêîãî ðåøåíèÿ áèôóðöèðóåò íåóñòîé÷èâûé äâóìåðíûé

èíâàðèàíòíûé òîð, äåëàÿ ïåðèîäè÷åñêîå ðåøåíèå àñèìïòîòè÷åñêè îðáèòàëüíî

óñòîé÷èâûì. Â ýòîì ñëó÷àå íà÷àëüíî-êðàåâîé çàäà÷à (1.1)�(1.2) â Su∗(R) èìå-

åò äâà óñòîé÷èâûõ ïåðèîäè÷åñêèõ ðåøåíèÿ, ÿâëÿþùèõñÿ ðîòàöèîííûìè âîëíà-
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ìè. Ïðè äàëüíåéøåì óâåëè÷åíèè θ íåóñòîé÷èâûé èíâàðèàíòíûé òîð �âëèïàåò�

â óñòîé÷èâîå ïåðèîäè÷åñêîå ðåøåíèå, ñîîòâåòñòâóþùåå çíà÷åíèþ n, äåëàÿ åãî

íåóñòîé÷èâûì. Â äàëüíåéøåì, ýòî íåóñòîé÷èâîå ïåðèîäè÷åñêîå ðåøåíèå �âëè-

ïàåò� â íåóñòîé÷èâîå ñîñòîÿíèå ðàâíîâåñèÿ u∗. Â îêðåñòíîñòè u∗ îñòàåòñÿ îäíà

ðîòàöèîííàÿ âîëíà, ñîîòâåòñòâóþùàÿ çíà÷åíèþ n+ 1.

Ñëó÷àé, êîãäà ïó÷åê îïåðàòîðîâ (1.13) ïðè K∗, θ∗ èìååò ïàðó êîìïëåêñíî ñî-

ïðÿæåííûõ ÷èñòî ìíèìûõ òî÷åê ñïåêòðà è äâóõêðàòíóþ íóëåâóþ òî÷êó ñïåê-

òðà, à îñòàëüíûå òî÷êè ñïåêòðà èìåþò îòðèöàòåëüíûå âåùåñòâåííûå ÷àñòè, ðàñ-

ñìàòðèâàåòñÿ àíàëîãè÷íî. Ïðè ýòîì ðîëü îäíîé ñïèðàëüíîé âîëíû áóäåò èãðàòü

îäíîïàðàìåòðè÷åñêîå ñåìåéñòâî ïðîñòðàíñòâåííî íåîäíîðîäíûõ ñîñòîÿíèé ðàâ-

íîâåñèÿ. Òàêæå àíàëîãè÷íî ðàññìàòðèâàåòñÿ ñëó÷àé, êîãäà îäíà ñîáñòâåííàÿ

ôóíêöèÿ ïó÷êà îïåðàòîðîâ íå çàâèñèò îò ϕ (îòìå÷åííûé * íà ðèñ. 5). Â ýòîì ñëó-

÷àå îäíî áèôóðöèðóþùåå ïåðèîäè÷åñêîå ðåøåíèå ÿâëÿåòñÿ ïðîñòðàíñòâåííî-

îäíîðîäíûì.
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Ãëàâà 2

Èññëåäîâàíèå íåëèíåéíûõ âîëí â ïàðàáîëè÷åñêîì óðàâíåíèè ñ

îïåðàòîðîì ðàñòÿæåíèÿ ïðîñòðàíñòâåííîãî àðãóìåíòà

2.1 Ìàòåìàòè÷åñêàÿ ïîñòàíîâêà çàäà÷è

Äëÿ ôóíêöèîíàëüíî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñ çàïàçäûâàþùèì àð-

ãóìåíòîì

ut(ρ, ϕ, t) + u(ρ, ϕ, t) = D∆ρϕu(ρ, ϕ, t) + α−2K(1 + γcos(u(ρ/α, ϕ, t− T ))) (2.1)

îòíîñèòåëüíî ôóíêöèè u(ρ, ϕ, t+s), çàäàííîé â ïîëÿðíûõ êîîðäèíàòàõ 0 ≤ ρ ≤

R, 0 ≤ ϕ ≤ 2π (R > 0) è t ≥ 0,−T ≤ s ≤ 0 (T > 0), â êîòîðîì ∆ρϕ - îïåðà-

òîð Ëàïëàñà â ïîëÿðíûõ êîîðäèíàòàõ, âûðàæåíèå u(ρ/α, ϕ, t) (α > 1) çàäàåò

îïåðàòîð ðàñòÿæåíèÿ ïðîñòðàíñòâåííûõ êîîðäèíàò, D,K � ïîëîæèòåëüíûå ïî-

ñòîÿííûå, 0 < γ < 1, â îáëàñòè K̄R×R+, ãäå êðóã K̄R = {(ρ, ϕ) : 0 ≤ ρ ≤ R, 0 ≤

ϕ ≤ 2π}, R+ = {t : 0 ≤ t <∞}, ðàññìàòðèâàåòñÿ íà÷àëüíî-êðàåâàÿ çàäà÷à âèäà

uρ(R, ϕ, t) = 0, u(ρ, 0, t) = u(ρ, 2π, t), uϕ(ρ, 0, t) = uϕ(ρ, 2π, t),

u(ρ, ϕ, t+ s)|t=0 = u0(ρ, ϕ, s) ∈ H0(KR;−T, 0). (2.2)
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Â (2.2) ïðîñòðàíñòâî íà÷àëüíûõ óñëîâèé H0(KR;−T, 0) îïðåäåëåíî â ïàðàãðà-

ôå 1.1.. Ôàçîâûì ïðîñòðàíñòâîì íà÷àëüíî-êðàåâîé çàäà÷è (2.1)-(2.2) ÿâëÿåòñÿ

ïðîñòðàíñòâî H(KR;−T, 0), îïðåäåëåííîå â ïàðàãðàôå 1.1.

Ïîä ðåøåíèåì íà÷àëüíî-êðàåâîé çàäà÷è (2.1)-(2.2), îïðåäåëåííîì ïðè t > 0,

áóäåì ïîíèìàòü ôóíêöèþ u(ρ, ϕ, t + s) ∈H0(KR;−T, 0) (ïðè êàæäîì t > 0),

íåïðåðûâíî äèôôåðåíöèðóåìóþ ïî t ïðè t > 0, îáðàùàþùóþ óðàâíåíèå (2.1) â

òîæäåñòâî â ôàçîâîì ïðîñòðàíñòâå è óäîâëåòâîðÿþùóþ íà÷àëüíûì óñëîâèÿì

(2.2).

Ðåøåíèå íà÷àëüíî-êðàåâîé çàäà÷è (2.1)-(2.2) ìîæåò áûòü ïîñòðîåíî ìåòî-

äîì øàãîâ ñëåäóþùèì îáðàçîì. Ðåøåíèå u(ρ, ϕ, t+ s) íà÷àëüíî-êðàåâîé çàäà÷è

(2.1)-(2.2) ïîñòðîèì ïîñëåäîâàòåëüíî íà îòðåçêàõ tk−1 ≤ t ≤ tk, tk = Tk, k =

1, 2, . . . , t0 = 0. Çíà÷åíèÿ u(ρ, ϕ, t) íà óêàçàííûõ îòðåçêàõ îáîçíà÷èì ñîîòâåò-

ñòâåííî ÷åðåç u(k)(ρ, ϕ, t). Â ðåçóëüòàòå äëÿ îïðåäåëåíèÿ u(k)(ρ, ϕ, t) ïîëó÷èì

ðåêóððåíòíóþ ïîñëåäîâàòåëüíîñòü íà÷àëüíî-êðàåâûõ çàäà÷ âèäà

u
(k)
t + u(k) −D∆ρϕu

(k) = α−2K(1 + γcos(u(k−1)(ρ/α, ϕ, t− T ))) ≡ f (k)(ρ, ϕ, t),

tk−1 ≤ t ≤ tk, (2.3)

u(k)ρ (R, ϕ, t) = 0, u(k)(ρ, 0, t) = u(k)(ρ, 2π, t), u
(k)
ϕ (ρ, 0, t) = u

(k)
ϕ (ρ, 2π, t), (2.4)

u(k)(ρ, ϕ, tk−1) = u(k−1)(ρ, ϕ, tk−1), u
(1)(ρ, ϕ, 0) = u0(ρ, ϕ, 0), k = 1, 2, . . . , (2.5)

â êîòîðûõ ïðàâàÿ ÷àñòü óðàâíåíèé (2.3) è íà÷àëüíûå óñëîâèÿ (2.5) íà êàæäîì

øàãå âïîëíå îïðåäåëåííûå ôóíêöèè. Ðåøåíèÿ (2.3)-(2.5) çàäàþòñÿ ôîðìóëîé

u(k)(ρ, ϕ, t) =

∫
KR

ρ1G(ρ, ϕ, t, ρ1, ϕ1)u
(k−1)(ρ1, ϕ1, tk−1)dρ1dϕ1+

+

∫ t

0

∫
KR

ρ1G(ρ, ϕ, t− τ, ρ1, ϕ1)f
(k)(ρ1, ϕ1, τ)dρ1dϕ1dτ, k = 1, 2, . . . , (2.6)

ãäå G(ρ, ϕ, t, ρ1, ϕ1) ôóíêöèÿ Ãðèíà îäíîðîäíîé ÷àñòè (ïðè f (k)(ρ, ϕ, t) ≡ 0) êðà-
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åâîé çàäà÷è (2.3)-(2.4). Èç (2.6) òàêæå ñëåäóåò åäèíñòâåííîñòü ðåøåíèÿ íà÷àëüíî-

êðàåâîé çàäà÷è (2.1)-(2.2) è åãî íåïðåðûâíàÿ çàâèñèìîñòü îò íà÷àëüíûõ óñëî-

âèé è ïàðàìåòðîâ óðàâíåíèÿ, ò.å. êîððåêòíîñòü ïîñòàâëåííîé íà÷àëüíî-êðàåâîé

çàäà÷è, à òàêæå íàðàñòàíèå ãëàäêîñòè ðåøåíèÿ ïî ïåðåìåííîé t ïðè t → ∞,

ñâîéñòâåííîå ðåøåíèÿì óðàâíåíèé ñ çàïàçäûâàþùèì àðãóìåíòîì.

Â ðàáîòå èçó÷àþòñÿ óñëîâèÿ è õàðàêòåð ïîòåðè óñòîé÷èâîñòè ñîñòîÿíèé ðàâ-

íîâåñèÿ u∗(K,α, γ) è îáóñëîâëåííûå åþ áèôóðêàöèè ïðîñòðàíñòâåííî-

íåîäíîðîäíûõ àâòîêîëåáàòåëüíûõ ðåøåíèé íà÷àëüíî-êðàåâîé çàäà÷è (2.1)-(2.2),

à òàêæå èõ óñòîé÷èâîñòü.

2.2 Àíàëèç óñòîé÷èâîñòè îäíîðîäíûõ ñîñòîÿíèé ðàâíîâåñèÿ íà÷àëüíî-êðàåâîé

çàäà÷è (2.7)-(2.8)

Îäíîðîäíûå ñîñòîÿíèÿ ðàâíîâåñèÿ u∗ = u∗(K,α, γ) íà÷àëüíî-êðàåâîé çàäà÷è

(1.1)-(1.2) îïðåäåëÿþòñÿ êàê ðåøåíèÿ óðàâíåíèÿ

u = α−2K(1 + γcos(u)). (2.7)

Óðàâíåíèå (2.7) â çàâèñèìîñòè îò K,α è γ ìîæåò èìåòü íåñêîëüêî ðåøåíèé,

â òîì ÷èñëå êðàòíûå. Èññëåäóåì óñëîâèÿ âîçíèêíîâåíèÿ ñîñòîÿíèé ðàâíîâåñèÿ,

èõ óñòîé÷èâîñòü è ìåõàíèçìû ïîòåðè óñòîé÷èâîñòè â çàâèñèìîñòè îò ïàðàìåò-

ðîâ óðàâíåíèÿ (2.1).

Âûáåðåì îäíî èç ðåøåíèé u∗ = u∗(K,α, γ) óðàâíåíèÿ (2.7) è çàïèøåì

íà÷àëüíî-êðàåâóþ çàäà÷ó (2.1)-(2.2) â åãî îêðåñòíîñòè,

çàìåíèâ u(ρ, ϕ, t) → u∗(K,α, γ) + u(ρ, ϕ, t). Â ðåçóëüòàòå ïîëó÷èì íà÷àëüíî-

êðàåâóþ çàäà÷ó

ut(ρ, ϕ, t) + u(ρ, ϕ, t) = D∆ρϕu(ρ, ϕ, t)− bu(ρ/α, ϕ, t− T )+

+b2u(ρ/α, ϕ, t− T )2/2 + bu(ρ/α, ϕ, t− T )3/6 + . . . , (2.8)
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uρ(R, ϕ, t) = 0, u(ρ, 0, t) = u(ρ, 2π, t), uϕ(ρ, 0, t) = uϕ(ρ, 2π, t),

u(ρ, ϕ, s) = u0(ρ, ϕ, s) ∈ H0(KR;−T, 0), (2.9)

b = b(K,α, γ) = u∗(K,α, γ)γ sin(u∗(K,α, γ))/(1 + γcos(u∗(K,α, γ))), (2.10)

b2 = b2(K,α, γ) = −u∗(K,α, γ)γ cos(u∗(K,α, γ))/(1+ γcos(u∗(K,α, γ))), (2.11)

ãäå òî÷êàìè îáîçíà÷åíû ñëàãàåìûå, èìåþùèå ïî u(ρ/α, ϕ, t−T ) áîëåå âûñîêèé

ïîðÿäîê ìàëîñòè â íîðìå H0(KR;−T, 0).

Ðàññìîòðèì ëèíåéíóþ ÷àñòü (2.8)-(2.9)

ut(ρ, ϕ, t) + u(ρ, ϕ, t) = D∆ρϕu(ρ, ϕ, t)− bu(ρ/α, ϕ, t− T ), (2.12)

uρ(R, ϕ, t) = 0, u(ρ, 0, t) = u(ρ, 2π, t), uϕ(ρ, 0, t) = uϕ(ρ, 2π, t),

u(ρ, ϕ, s) = u0(ρ, ϕ, s) ∈ H0(KR;−T, 0). (2.13)

Îïðåäåëÿÿ ðåøåíèÿ (2.12)-(2.13) âèäà u(ρ, ϕ, t) = u(ρ, ϕ)eλt, λ ∈ C (ðåøåíèÿ

Ýéëåðà) ïîëó÷èì ïó÷îê îïåðàòîðîâ

P (λ)u(ρ, ϕ) ≡ λu(ρ, ϕ) + u(ρ, ϕ)−D∆ρ,ϕu(ρ, ϕ) + bu(ρ/α, ϕ)e−λT , (2.14)

äåéñòâóþùèé â L̃2(KR) ñ îáëàñòüþ îïðåäåëåíèÿ H̃2(KR), òî÷êè ñïåêòðà êîòî-

ðîãî îïðåäåëÿþò óñòîé÷èâîñòü ðåøåíèé íà÷àëüíî-êðàåâîé çàäà÷è (2.12)-(2.13),

à ñîîòâåòñòâóþùèå èì ñîáñòâåííûå ôóíêöèè ðåøåíèÿ èñêîìîãî âèäà. Çíàêîì

�òèëüäå� áóäåì îáîçíà÷àòü êîìïëåêñíîå ðàñøèðåíèå ñîîòâåòñòâóþùåãî ôóíêöè-

îíàëüíîãî ïðîñòðàíñòâà, ñêàëÿðíîå ïðîèçâåäåíèå è íîðìà â êîòîðîì îáîáùàåòñÿ

ñòàíäàðòíûì îáðàçîì.

Ïðåäñòàâèì u(ρ, ϕ) ∈ H2(KR) â âèäå

u(ρ, ϕ) = u00(ρ)v00 +
∞∑

n=−∞

∞∑
j=1

unj(ρ)e
inϕvnj, u00(ρ) =

1√
πR

, unj(ρ) =
Rnj(ρ)

(2π)1/2
,
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Rnj(ρ) =

√
2/RJn(γnjρ/R)

(1− n2/γ2jn)
1/2|Jn(γnj)|

(n ≥ 0), R−nj(ρ) = Rnj(ρ),

(Rnj(ρ), Rnp(ρ))R =

∫ R

0

ρRnj(ρ)Rnp(ρ)dρ = δjp, i =
√
−1, v00,

v0j ∈ R, vnj ∈ C, v−nj = v̄nj, , (2.15)

ãäå Jn(ρ) ôóíêöèè Áåññåëÿ ïåðâîãî ðîäà n - ãî ïîðÿäêà, γnj j -é ïîëîæèòåëü-

íûé íîëü ôóíêöèè J ′
n(ρ), γ00 = 0, δjp � ñèìâîë Êðîíåêåðà,v0 = (v00, v01, v02, . . . )

∈ l22 ⊂ l2, l
2
2 = {v = (v0, v1, v2, . . . ), vk ∈ R : ||v||l22 = (v20 +

∑∞
k=1 k

4v2k)
1/2 < ∞},

vn = (0, vn1, vn2, vn3, . . . ) ∈ l̃22 ⊂ l̃2, l̃
2
2 = {v = (v0, v1, v2, v3, . . . ), vk ∈ C : ||v||l̃22 =

(|v0|2 +
∑∞

k=1 k
4|vk|2)1/2 <∞}. Ôóíêöèè u00(ρ), u0j(ρ), unj(ρ)einϕ, u−nj(ρ)e−inϕ,

j, n = 1, 2, . . . , ÿâëÿÿñü ïîëíîé ñèñòåìîé ñîáñòâåííûõ ôóíêöèé îïåðàòîðà Ëà-

ïëàñà, îáðàçóþò îðòîãîíàëüíûé áàçèñ â H̃2(KR) è îðòîíîðìèðîâàííûé â L̃2(KR),

ò.å. v0 ∈ l22 è vn ∈ l̃22 îïðåäåëÿþòñÿ îäíîçíà÷íî. Ïîäñòàâèì ðÿä (2.15) â (2.14) è

ñïðîåêòèðóåì íà u00(ρ), u0j(ρ), unj(ρ)einϕ, u−nj(ρ)e−inϕ, j, n = 1, 2, . . . . Â ðåçóëü-

òàòå ïîëó÷èì ïîñëåäîâàòåëüíîñòü îïåðàòîðíûõ óðàâíåíèé â ïðîñòðàíñòâå l̃2 ñ

îáëàñòüþ îïðåäåëåíèÿ l̃22 âèäà

P (n)(λ, α)vn = 0, n = 0, 1, . . . , (2.16)

äëÿ îïðåäåëåíèÿ vn ∈ l̃22, ãäå P
(n)(λ, α) áåñêîíå÷íîìåðíûå ìàòðèöû c ýëåìåíòà-

ìè

P
(n)
jj (λ, α) = λ+ 1 +Dγ2nj + ba

(n)
jj (α)e

−λT , P
(n)
jq (λ, α) = ba

(n)
jq (α)e

−λT , j ̸= q,

a
(n)
jq (α) =

∫ R

0

ρRnq(ρ/α)Rnp(ρ)dρ, (2.17)

j, q = 0, 1, . . . , ïðè n = 0, è j, q = 1, 2, . . . , ïðè n > 0. Îòìåòèì, ÷òî êîýôôèöè-

åíòû a
(n)
jq (α) → 0 ïðè j, q → ∞.
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Ñîâîêóïíîñòü çíà÷åíèé λ(n)∗ , ïðè êîòîðûõ îïåðàòîðíûå óðàâíåíèÿ (2.16) èìå-

åò íåíóëåâûå ðåøåíèÿ v(n)∗ ∈ l̃22 îïðåäåëÿåò ìíîæåñòâî òî÷åê ñïåêòðà ïó÷êà îïå-

ðàòîðîâ (2.14), à ðåøåíèÿ v
(n)
∗ ñ ó÷åòîì (2.15) ñîîòâåòñòâóþùèå ñîáñòâåííûå

ôóíêöèè. Àíàëèç ðàñïîëîæåíèÿ λ(n)∗ ïîçâîëÿåò ïîñòðîèòü â ïðîñòðàíñòâå ïàðà-

ìåòðîâ îáëàñòè óñòîé÷èâîñòè ðåøåíèé íà÷àëüíî-êðàåâîé çàäà÷è (2.12)-(2.13),

ò.å. èññëåäîâàòü óñëîâèÿ ïîòåðè óñòîé÷èâîñòè ñîñòîÿíèåì ðàâíîâåñèÿ u∗ =

= u∗(K,α, γ). Âîñïîëüçóåìñÿ äëÿ ýòîãî ìåòîäîì D-ðàçáèåíèÿ [38]. Ðàññìîòðèì

äëÿ êàæäîãî n ïîñëåäîâàòåëüíîñòü �óñå÷åííûõ� êîíå÷íîìåðíûõ ìàòðèö

P
(n)
N (λ, α), â êîòîðûõ j, q = 0, 1, ..., N ïðè n = 0, è j, q = 1, 2, ..., N ïðè n > 0.

Ïðèðàâíÿåì íóëþ îïðåäåëèòåëü ìàòðèöû P (n)
N (λ, α) è âûäåëèì â ýòîì ðàâåíñòâå

ýëåìåíò P (n)
jj (λ, α). Â ðåçóëüòàòå ïîëó÷èì ðàâåíñòâî

λ+ 1 +Dγ2nj + ba
(n)
jj (α)e

−λT +∆
(nj)
N (b, T, λ, α) = 0, (2.18)

â êîòîðîì ôóíêöèÿ ∆
(nj)
N (b, T, λ, α) ïîëó÷åíà â ðåçóëüòàòå îáúåäèíåíèÿ âûðà-

æåíèé, íå ñîäåðæàùèõ P (n)
jj λ, α), è a

(n)
jj (1) = 1,∆

(nj)
N (b, T, λ, 1) ≡ 0. Ïîëîæèâ â

(2.18) â ñîîòâåòñòâèè ñ ìåòîäîì D-ðàçáèåíèé [?] λ = iω, ω ≥ 0, èìååì

iω + 1 +Dγ2nj + ba
(n)
jj (α)e

−iωT +∆
(nj)
N1 (b, T, ω, α) + i∆

(nj)
N2 (b, T, ω, α) = 0, (2.19)

Âûäåëèâ â (2.19) âåùåñòâåííóþ è ìíèìóþ ÷àñòè, ïîëó÷èì ðàâåíñòâà

1 +Dγ2nj + ba
(n)
jj (α) cos(ωT ) + ∆

(nj)
N1 (b, T, ω, α) = 0,

ω − ba
(n)
jj (α) sin(ωT ) + ∆

(nj)
N2 (b, T, ω, α) = 0,

èç êîòîðûõ íàõîäèì

b = b(ω) =

= (−1)k+1(1+Dγ2nj+∆
(nj)
N1 (b, T, ω, α))/(a

(n)
jj (α) cos(arctg((ω+∆

(nj)
N2 (b, T, ω, α))/
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(1 +Dγ2nj +∆
(nj)
N1 (b, T, ω, α))))), (2.20)

T = T (ω) =

= ω−1(πk − arctg(ω +∆
(nj)
N2 (b, T, ω, α))/(1 +Dγ2nj +∆

(nj)
N1 (b, T, ω, α))),

k = 1, 2, . . . . (2.21)

Ïðè ýòîì ∆
(nj)
N1 (b, T, ω, 1) ≡ 0,∆

(j)
N2(b, T, ω, 1) ≡ 0. Âûðàæåíèÿ (2.20),(2.21) îïðå-

äåëÿþò ñîâîêóïíîñòü êðèâûõ b(ω), T (ω), çàäàííûõ â íåÿâíîì âèäå, â ïëîñêîñòè

(b, T ) íà êîòîðûõ ïó÷åê îïåðàòîðîâ (2.14) èìååò òî÷êè ñïåêòðà, ðàñïîëîæåí-

íûå íà ìíèìîé îñè êîìïëåêñíîé ïëîñêîñòè. Ýòî äàåò âîçìîæíîñòü ïîñòðîèòü â

ïëîñêîñòè (b, T ) (ïðè ôèêñèðîâàííûõ äðóãèõ ïàðàìåòðàõ) îáëàñòü óñòîé÷èâî-

ñòè ðåøåíèé íà÷àëüíî-êðàåâîé çàäà÷è (2.12)-(2.13).

Ïîñòðîèì èòåðàöèîííûé ïðîöåññ

b(p)(ω) = (−1)k+1(1 +Dγ2nj +∆
(nj)
N1 (b

(p−1)(ω), T (p−1)(ω), ω, α))/

/(a
(n)
jj (α) cos(arctg((ω +∆

(nj)
N2 (b

(p−1)(ω),

T (p−1)(ω), ω, α))/(1 +Dγ2nj +∆
(nj)
N1 (b

(p−1)(ω), T (p−1)(ω), ω, α))))), (2.22)

T (p)(ω) = ω−1(πk − arctg(ω +∆
(nj)
N2 (b

(p−1)(ω),

T (p−1)(ω), ω, α))/(1 +Dγ2nj +∆
(nj)
N1 (b

(p−1)(ω),

T (p−1)(ω), ω, α))), k = 1, 2, . . . , p = 1, 2, . . . . (2.23)

Ïðè α = 1 ôóíêöèè b(ω) = b(0)(ω), T (ω) = T (0)(ω) â (2.22),(2.23) âûðàæà-

þòñÿ ÿâíî. Íåìíîãî óâåëè÷èì ïàðàìåòð α è âûáåðåì â êà÷åñòâå íà÷àëüíîãî

ïðèëèæåíèÿ b(0)(ω), T (0)(ω), ïîëó÷åííûå ïðè α = 1. Èòåðàöèîííûé ïðîöåññ

(2.22),(2.23) äîñòàòî÷íî áûñòðî ñõîäèòñÿ êàê ïî p, òàê è ïî N â ñèëó ñâîéñòâ

ôóíêöèé ∆
(nj)
N1 (b, T, ω, α), ∆

(nj)
N2 (b, T, ω, α) è äîñòàòî÷íî áûñòðîãî ñòðåìëåíèÿ ê
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íóëþ êîýôôèöèåíòîâ a(n)jq (α) ïðè j ̸= q. Âíîâü óâåëè÷èì íåìíîãî ïàðàìåòð α

è âûáðåì â êà÷åñòâå íà÷àëüíîãî ïðèëèæåíèÿ b(0)(ω), T (0)(ω) âûðàæåíèÿ, ïî-

ëó÷åííûå äëÿ ïðåäûäóùåãî çíà÷åíèÿ α. Ïîëó÷èì ñõîäÿùèéñÿ èòåðàöèîííûé

ïðîöåññ. Äâèãàÿñü òàêèì îáðàçîì ïî ïàðàìåòðó α, ìîæíî ïîñòðîèòü ñ ëþáîé

ñòåïåíüþ òî÷íîñòè ôóíêöèè b(ω), T (ω) êàê ðåøåíèÿ óðàâíåíèé (2.20),(2.21) è

ñîîòâåòñòâóþùèå èì êðèâûå â ïëîñêîñòè (b, T ) äëÿ ðàçëè÷íûõ çíà÷åíèé n è

äðóãèõ ïàðàìåòðîâ. Ýòè êðèâûå íåîáõîäèìî äîïîëíèòü ïðÿìûìè b = b∗, ãäå b∗

îïðåäåëÿþòñÿ êàê ðåøåíèÿ óðàâíåíèÿ detP (n)
N (0, α) = 0, N → ∞ è ñîîòâåòñòâó-

þò íóëåâûì òî÷êàì ñïåêòðà ïó÷êà îïåðàòîðîâ (2.14). Ýòî äàåò âîçìîæíîñòü

ïîñòðîèòü êàðòèíó D-ðàçáèåíèé ïëîñêîñòè ïàðàìåòðîâ (b, T ) ïðè äðóãèõ ôèê-

ñèðîâàííûõ ïàðàìåòðàõ (2.14). Ïðè ýòîì ïîñðåäñòâîì Dj îáîçíà÷àþòñÿ îáëàñòè

â ïëîñêîñòè (b, T ), ïðè çíà÷åíèè ïàðàìåòðîâ èç êîòîðûõ ïó÷îê îïåðàòîðîâ (2.14)

èìååò j òî÷åê ñïåêòðà, ïðèíàäëåæàùèõ ïðàâîé êîìïëåêñíîé ïîëóïëîñêîñòè, à

ãðàíèöû ýòèõ îáëàñòåé ñîîòâåòñòâóþò òî÷êàì ñïåêòðà, ëåæàùèì íà ìíèìîé

îñè. Çàìåòèì, ÷òî ïðÿìàÿ b = 0 ñîãëàñíî (2.16) ïðèíàäëåæèò îáëàñòè D0. Äâè-

ãàÿñü îò ïðÿìîé b = 0 â íàïðàâëåíèè óâåëè÷åíèÿ è óìåíüøåíèÿ ïàðàìåòðà b

ïðè T > 0, îïðåäåëÿåì îáëàñòü D0. Äîïîëíèòåëüíàÿ ïðîâåðêà îòñóòñòâèÿ òî-

÷åê ñïåêòðà ïó÷êà îïåðàòîðîâ (2.14) â ïðàâîé êîìïëåêñíîé ïîëóïëîñêîñòè ïðè

çíà÷åíèè ïàðàìåòðîâ (b, T ) ∈ D0 îñóùåñòâëÿåòñÿ ñëåäóþùèì îáðàçîì. Íà âíóò-

ðåííîñòü îáëàñòè D0 íàíîñèòñÿ ñåòêà ïî b è ñ øàãîì h > 0. Â òî÷êàõ ñåòêè

âû÷èñëÿåòñÿ ïðèðàùåíèå ôóíêöèè Arg(detP (n)
N (λ, α)) ïðè îáõîäå â ïîëîæèòåëü-

íîì íàïðàâëåíèè ãðàíèöû ïîëóêðóãà {λ = reiψ, 0 ≤ r ≤ R,−π/2 ≤ ψ ≤ π/2}.

Ðàâåíñòâî íóëþ ïðèðàùåíèÿ àðãóìåíòà îáåñïå÷èâàåò îòñóòñòâèå êîðíåé óðàâ-

íåíèÿ detP (n)
N (λ, α) = 0 â òî÷êàõ óêàçàííîãî ïîëóêðóãà. Óâåëè÷èâàÿ R, ïîëó÷èì

àíàëîãè÷íîå óòâåðæäåíèå äëÿ ïðàâîé êîìïëåêñíîé ïîëóïëîñêîñòè. Ãðàíèöû îá-

ëàñòåé Dj â äàëüíåéøåì áóäåì ðàññìàòðèâàòü â âèäå çàâèñèìîñòè T = Tj(b).

Îòìåòèì, ÷òî àíàëèç äâèæåíèÿ òî÷åê ñïåêòðà ïó÷êà îïåðàòîðîâ (2.14) ïðè èç-
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ìåíåíèè ïàðàìåòðîâ b è T , ñâÿçàííîãî ñ ïðîõîæäåíèåì ãðàíèöû îáëàñòè D0 (è

äðóãèõ îáëàñòåé) òðåáóåò îòäåëüíîãî ðàññìîòðåíèÿ. Îá ýòîì áóäåò ñêàçàíî â

äàëüíåéøåì.

Ïàðàìåòð b íå ÿâëÿåòñÿ ïàðàìåòðîì íà÷àëüíî-êðàåâîé çàäà÷è (2.1)-(2.2) (ïà-

ðàìåòðîì ìàòåìàòè÷åñêîé ìîäåëè), ïîýòîìó ïåðåñòðîèì ïëîñêîñòü b, T â ïëîñ-

êîñòü ïàðàìåòðîâ K,T . Èñïîëüçóåì äëÿ ýòîãî ïîëó÷åííûå èç (2.7)-(2.10) âûðà-

æåíèÿ

K = K(u) = α2u/(1 + γcos(u)), b = b(u) = uγsin(u)/(1 + γcos(u)),

K ′(u) = α2(1 + b(u))/(1 + γcos(u)), (2.24)

êîòîðûå ðàññìîòðèì êàê ôóíêöèè ñîñòîÿíèÿ ðàâíîâåñèÿ u. Îáîçíà÷èì ÷åðåç

Uk, k = 1, 2, . . . îáëàñòè íà îñè u ≥ 0 â êîòîðûõ b(u) > −1. Â ýòèõ îáëà-

ñòÿõ K(u) ìîíîòîííî âîçðàñòàåò ïðè óâåëè÷åíèè u. Îòìåòèì, ÷òî ñîñòîÿíèÿ

ðàâíîâåñèÿ u íà÷àëüíî-êðàåâîé çàäà÷è (2.1)-(2.2), äëÿ êîòîðûõ b(u) < −1, âñå-

ãäà íåóñòîé÷èâû, ïîýòîìó òàêèå îáëàñòè ðàññìàòðèâàòü íå áóäåì. Âûðàçèì

â îáëàñòÿõ u ∈ Uj u = uk(K), k = 1, 2, . . . è ïîäñòàâèì b(u). Â ðåçóëü-

òàòå ïîëó÷èì ñ÷åòíîå ÷èñëî ôóíêöèé b = bk(K) = b(uk(K)). Ïîäñòàâèì òå-

ïåðü ýòè ôóíêöèè â çàâèñèìîñòè T = Tj(b)). Â ðåçóëüòàòå ïîëó÷èì óðàâíåíèÿ

T = Tjk(K) = Tj(bk(K)) ãðàíèö îáëàñòåé Dj â ïëîñêîñòè K,T . Ïðè çíà÷åíèÿõ

ïàðàìåòðîâ K,T , ïðèíàäëåæàùèõ ýòèì êðèâûì, ïó÷åê îïåðàòîðîâ (2.7), ïî-

ñòðîåííûå íà ñîñòîÿíèè ðàâíîâåñèÿ uk(K) áóäåò èìåòü òî÷êè ñïåêòðà, ïðèíàä-

ëåæàùèå ìíèìîé îñè êîìïëåêñíîé ïëîñêîñòè. Íà ðèñ. 1-6 äëÿ ðàçíûõ çíà÷åíèé

ïàðàìåòðîâ ïðèâåäåíû êàðòèíû D-ðàçáèåíèé ïëîñêîñòè ïàðàìåòðîâ (K,T ).
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Ðèñ. 2.1 D = 0.1, α=1, γ=0.75 Ðèñ. 2.2 D = 0.1, α=1.05, γ=0.75

Ðèñ. 2.3 D = 0.1, α=1.1, γ=0.75 Ðèñ. 2.4 D = 0.1, α=1.2, γ=0.75

Ðèñ. 2.5 D = 0.1, α=1.3, γ=0.75 Ðèñ. 2.6 D = 0.1, α=1.4, γ=0.75
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Ðèñ. 2.7 D = 0.1, α=1, γ=0.5 Ðèñ. 2.8 D = 0.1, α=1.05, γ=0.5

Ðèñ. 2.9 D = 0.1, α=1.1, γ=0.5 Ðèñ. 2.10 D = 0.1, α=1.2, γ=0.5

Ðèñ. 2.11 D = 0.1, α=1.3, γ=0.5 Ðèñ. 2.12 D = 0.1, α=1.4, γ=0.5
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Íà ðèñ. 1 - 6 äëÿ çíà÷åíèé D = 0.1, γ = 0.75 è ðàçëè÷íûõ çíà÷åíèé α ïðèâå-

äåíû êàðòèíû D-ðàçáèåíèé ïëîñêîñòè ïàðàìåòðîâ (K,T ) õàðàêòåðèñòè÷åñêîãî

óðàâíåíèÿ (2.18) (ïó÷êà îïåðàòîðîâ (2.14)). Íà ðèñóíêàõ â ñîîòâåòñòâèè ñ ìå-

òîäîì D-ðàçáèåíèé ÷åðåç Dj îáîçíà÷åíû îáëàñòè, ïðè çíà÷åíèè ïàðàìåòðîâ

èç êîòîðûõ ïó÷îê îïåðàòîðîâ (2.14) èìååò j òî÷åê ñïåêòðà, ïðèíàäëåæàùèõ

ïðàâîé êîìïëåêñíîé ïîëóïëîñêîñòè, à ãðàíèöû ýòèõ îáëàñòåé ñîîòâåòñòâóþò

òî÷êàì ñïåêòðà, ëåæàùèì íà ìíèìîé îñè. Êðèâûå, îòìå÷åííûå òðåóãîëüíèêîì,

îòíîñÿòñÿ ê ñîñòîÿíèÿì ðàâíîâåñèÿ, ïðèíàäëåæàùèì îáëàñòè U1, îòìå÷åííûå

çâåçäî÷êîé � ê îáëàñòè U2, îòìå÷åííûå êâàäðàòîì � ê îáëàñòè U3. Êàæäàÿ êðè-

âàÿ èìååò ìàðêåð (íà ðèñóíêàõ îíè ïðñòàâëåíû íå âåçäå), ïåðâàÿ öèôðà êîòîðî-

ãî ïîêàçûâàåò íîìåð n, âòîðàÿ � çíà÷åíèå j ñîîòâåòñòâåòñòâóþùåé ñîáñòâåííîé

ôóíêöèè ïó÷êà îïåðàòîðîâ (2.14). Òî÷êàìè íà ðèñóíêà óñëîâíî îáîçíà÷åíà ñî-

âîêóïíîñòü ãðàíèö îáëàñòåé Dj íå èìåþùèõ ïðèíöèïèàëüíîãî çíà÷åíèÿ äëÿ

ðàññìàòðèâàåìîé çàäà÷è.

Èç ðèñóíêîâ âèäíî, ÷òî èìåþòñÿ çíà÷åíèÿ ïàðàìåòðà α,K, T , ïðè êîòîðûõ íà

ãðàíèöå îáëàñòè óñòîé÷èâîñòè D0 (è äðóãèõ Dj) , ïó÷åê îïåðàòîðîâ (2.14) èìååò

ïàðó êîìïëåêñíî ñîïðÿæåííûõ òî÷åê ñïåêòðà ±iω∗, ω∗ > 0 (ïðàâàÿ ãðàíèöà

îáëàñòè D0). Åñëè ïðè ýòîì n = 0, òî òàêîé òî÷êå ñïåêòðà iω∗ ñîîòâåòñòâóåò

îäíà ñîáñòâåííàÿ ôóíêöèÿ

u∗0j(ρ) =
∞∑
k=0

u0k(ρ)v0k, v0 = (v00, v01, . . . ) ∈ l̃22,

P (0)(iω∗, α)v0 = 0, ||u∗0j(ρ)||L2
= 1, j > 0,

u∗00(ρ) ≡ u∗00 = const, (2.25)

åñëè n ̸= 0, òî äâå ñîáñòâåííûå ôóíêöèè u∗nj(ρ, ϕ) = u∗nj(ρ)e
inϕ, u∗−nj(ρ, ϕ) =
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u∗nj(ρ)e
−inϕ, ||u∗nj(ρ, ϕ)||L2

= 1, ãäå

u∗nj(ρ) =
∞∑
j=1

unj(ρ)vnj, vn = (0, vn1, . . . ) = (0, v∗n) ∈ l̃22,

P (n)(iω∗, α)v∗n = 0. (2.26)

Ââåäåì â ðàññìîòðåíèå ñîïðÿæåííûé ñ (2.14) ïó÷åê îïåðàòîðîâ P ∗(λ) èç

óñëîâèÿ

(P (λ)u(ρ, ϕ), v(ρ, ϕ))L̃2
= (u(ρ, ϕ), P ∗(λ)v(ρ, ϕ))L̃2

, u(ρ, ϕ), v(ρ, ϕ) ∈ H̃2(KR).

Ñ ó÷åòîì ðàâåíñòâà

∫ 2π

0

∫ R

0

ρu(ρ/α, ϕ)v̄(ρ, ϕ)dρdϕ =

=

∫ 2π

0

∫ R∗

0

ρu(ρ, ϕ)Qα∗v̄(ρ, ϕ)dρdϕ, α∗ = 1/α, R∗ = R/α, (2.27)

ãäå

Qα∗v(ρ, ϕ) =


α−2
∗ v(ρ/α∗, ϕ), 0 ≤ ρ ≤ R∗,

0, R∗ < ρ ≤ R

(2.28)

îïåðàòîð ñæàòèÿ, èìååì âèä ñîïðÿæåííîãî îïåðàòîðà

P ∗(λ)v(ρ, ϕ) ≡ λv(ρ, ϕ) + v(ρ, ϕ)−D∆ρ,ϕv(ρ, ϕ) + bQα∗v(ρ, ϕ)e
−λT . (2.29)

Ïðè ýòîì, åñëè λ∗ òî÷êà ñïåêòðà ïó÷êà îïåðàòîðîâ (2.14), òî λ̄∗ òî÷êà ñïåêòðà

ïó÷êà îïåðàòîðîâ (2.29). Òàêèì îáðàçîì, òî÷êå ñïåêòðà iω∗ ïó÷êà îïåðàòîðîâ

(2.14) îòâå÷àåò òî÷êà ñïåêòðà −iω∗ ïó÷êà îïåðàòîðîâ (2.29), à ñîîòâåòñòâóþùèå
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åé ñîáñòâåííûå ôóíêöèè èìåþò âèä

v∗0j(ρ) =
∞∑
k=0

u0k(ρ)w0k, w0 = (w00, w01, . . . ) ∈ l̃22,

P (0)∗(−iω∗, α)w0 = 0, j > 0, v∗00(ρ) ≡ v∗00 = const, (2.30)

ïðè n = 0, è

v∗nj(ρ, ϕ) = v∗nj(ρ)e
inϕ, v∗−nj(ρ, ϕ) = v∗nj(ρ)e

−inϕ,

v∗nj(ρ) =
∞∑
k=1

unk(ρ)wnk,

wn = (0, wn1, . . . ) = (0, w∗n) ∈ l̃22, P
(n)∗(−iω∗, α)w∗n = 0, (2.31)

ïðè n ̸= 0. Çäåñü P (n)∗(.) ñîïðÿæåííàÿ ñ P (n)(.) ìàòðèöà.

Ôóíêöèè (2.30), (2.31) ìîãóò áûòü âûáðàííûìè, óäîâëåòâîðÿþùèìè ñëåäó-

þùèì óñëîâèÿì

(P ′(iω∗)u
∗
0j(ρ), v

∗
0j(ρ))L̃2

= 1, (P ′(iω∗)u
∗
0j(ρ), v̄

∗
0j(ρ))L̃2

= 0, (2.32)

è

(P ′(iω∗)u
∗
nj(ρ, ϕ)), v

∗
nj(ρ, ϕ)))L̃2

= 1, (P ′(iω∗)u
∗
−nj(ρ, ϕ)), v̄

∗
nj(ρ, ϕ)))L̃2

= 0,

(P ′(iω∗)u
∗
nj(ρ, ϕ)), v

∗
−nj(ρ, ϕ)))L̃2

= 0,

(P ′(iω∗)u
∗
−nj(ρ, ϕ)), v̄

∗
−nj(ρ, ϕ)))L̃2

= 1. (2.33)

Èññëåäóåì äâèæåíèå òî÷åê ñïåêòðà ïó÷êà îïåðàòîðîâ (2.14) ïðè ïðîõîæäå-

íèè ïàðàìåòðàìèK,T ãðàíèöû îáëàñòè D0 (îáëàñòè Dj). Âûáåðåì òî÷êóK∗, T∗

ãðàíèöû îáëàñòè D0 (îáëàñòè Dj), ïðè êîòîðîé ïó÷åê îïåðàòîðîâ (2.14) èìååò
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òî÷êè ñïåêòðà ±iω∗, ω∗ > 0, ïîñòðîåííûé íà ñîñòîÿíèè ðàâíîâåñèÿ u∗ = u(K∗)

. Ïîëîæèì â (2.14) K = K∗ + ε, ãäå 0 < ε ìàëûé ïàðàìåòð, è îáîçíà÷èì ñîîò-

âåòñòâóþùèé ïó÷åê îïåðàòîðîâ P (λ; ε). Òàêæå èìååì

u∗(ε) = u(K∗ + ε) = u∗ + εu∗1 + ..., u∗1 = u∗/(K∗(1 + b(u∗))),

b(ε) = b(u∗(ε)) = b(u∗) + εb1 + ...,

b1 = γ sin(u∗) + u∗γ cos(u∗)/(1 + b(u∗)). (2.34)

Ðàññìîòðèì ñíà÷àëà ñëó÷àé n = 0. Ïó÷åê îïåðàòîðîâ (2.14) èìååò òî÷-

êè ñïåêòðà λ(ε), λ̄(ε), λ(0) = iω∗ è ñîîòâåòñòâóþùèå èì ñîáñòâåííûå ôóíêöèè

u∗0j(ρ; ε), ū
∗
0j(ρ; ε), àíàëèòè÷åñêè çàâèñÿùèå îò ε ïðè |ε| < ε0. Ïðåäñòàâèì

λ(ε) = iω∗ + ελ1 + . . . , u∗0j(ρ; ε) = u∗0j(ρ) + εu
(1)
0j (ρ) + . . . (2.35)

è ïîäñòàâèì â (2.14). Ïðèðàâíÿâ êîýôôèöèåíòû ïðè ïåðâîé ñòåïåíè ïàðàìåò-

ðà ε, ïîëó÷èì äëÿ îïðåäåëåíèÿ u(1)0j (ρ) îïåðàòîðíîå óðàâíåíèå â ïðîñòðàíñòâå

L̃2(KR)

P (iω∗; 0)u
(1)
0j (ρ) + λ1P

′(iω∗; 0)u
∗
0j(ρ) + b1u

∗
0j(ρ)e

−iω∗T∗ = 0, (2.36)

ñ îáëàñòüþ îïðåäåëåíèÿ H̃2(KR). Óñëîâèå ðàçðåøèìîñòè óðàâíåíèÿ (2.36)

(λ1P
′(iω∗; 0)u

∗
0j(ρ) + b1u

∗
0j(ρ)e

−iω∗T
∗
, v∗0j(ρ))L̃2

= 0 ñ ó÷åòîì (2.36) ïîçâîëÿåò îä-

íîçíà÷íî îïðåäåëèòü

λ1 = −b1e−iω∗T
∗
(u∗0j(ρ/α), v

∗
0j(ρ))L̃2

. (2.37)

Ïðè âûïîëíåíèè óñëîâèÿ (2.37) ðåøåíèå u(1)0j (ρ) óðàâíåíèÿ (2.36), óäîâëåòâî-

ðÿþùåå óñëîâèþ (u
(1)
0j (ρ), v

∗
0j(ρ))L̃2

= 0, îïðåäåëÿåòñÿ îäíîçíà÷íî. Àíàëîãè÷íî
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îïðåäåëÿþòñÿ ïîñëåäóþùèå ñëàãàåìûå â ðàçëîæåíèÿõ (2.35).

Â ñëó÷àå n > 0 òî÷êàì ñïåêòðà λ(ε)(λ(0) = iω∗) è λ̄(ε) îòâå÷àþò ñîîòâåò-

ñòâåííî ñîáñòâåííûå ôóíêöèè

u∗nj(ρ, ϕ; ε) = u∗nj(ρ; ε)e
inϕ,

u∗−nj(ρ, ϕ; ε) = u∗nj(ρ; ε)e
−inϕ, ū∗nj(ρ, ϕ; ε), ū

∗
−nj(ρ, ϕ; ε), (2.38)

êîòîðûå àíàëèòè÷åñêè çàâèñÿò îò ε ïðè |ε| < ε0. Ïðåäñòàâèì λ(ε) â âèäå (2.35)

è

u∗nj(ρ; ε) = u∗nj(ρ) + εu
(1)
nj (ρ) + . . . , u∗−nj(ρ; ε) = u∗−nj(ρ) + εu

(1)
−nj(ρ) + . . . . (2.39)

Ïîäñòàâèì u∗nj(ρ, ϕ; ε) â (2.14) è ïðèðàâíÿåì êîýôôèöèåíòû ïðè ïåðâîé ñòåïå-

íè ε. Â ðåçóëüòàòå ïîëó÷èì äëÿ îïðåäåëåíèÿ u(1)nj (ρ) îïåðàòîðíîå óðàâíåíèå â

ïðîñòðàíñòâå L̃2(KR)

P (iω∗; 0)u
(1)
nj (ρ)e

inϕ + (λ1P
′(iω∗; 0)u

∗
nj(ρ) + b1e

−iω∗T∗u∗nj(ρ/α))e
inϕ = 0, (2.40)

ñ îáëàñòüþ îïðåäåëåíèÿ H̃2(KR). Èç ïåðâîãî óñëîâèÿ ðàçðåøèìîñòè óðàâíåíèÿ

(2.40)

((λ1P
′(iω∗; 0)u

∗
nj(ρ) + b1e

−iω∗T∗u∗nj(ρ/α))e
inϕ, v∗nj(ρ)e

inϕ)L̃2
= 0,

îäíîçíà÷íî îïðåäåëÿåì

λ1 = −b1e−iω∗T∗(u∗nj(ρ/α), v
∗
nj(ρ))L̃2

. (2.41)

Âòîðîå óñëîâèå ðàçðåøèìîñòè óðàâíåíèÿ (2.40)

((λ1P
′(iω∗; 0)u

∗
nj(ρ) + b1e

−iω∗T∗u∗nj(ρ/α))e
inϕ, v∗nj(ρ)e

−inϕ)L̃2
= 0,
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âûïîëíÿåòñÿ àâòîìàòè÷åñêè.

Ïðè âûïîëíåíèè óñëîâèé (2.41) ðåøåíèå u(1)nj (ρ) óðàâíåíèÿ (2.40), óäîâëåòâî-

ðÿþùåå ðàâåíñòâó (u
(1)
nj (ρ), v

∗
nj(ρ))L̃2

= 0, îïðåäåëÿåòñÿ îäíîçíà÷íî. Àíàëîãè÷íî

îïðåäåëÿþòñÿ ïîñëåäóþùèå ñëàãàåìûå â ðàçëîæåíèÿõ (2.35), (2.39).

Çíàê Reλ1 îïðåäåëÿåò äâèæåíèå òî÷åê ñïåêòðà (2.14) ïðè ïðîõîæäåíèè ïàðà-

ìåòðàìè K è T ãðàíèö ïîñòðîåííûõ îáëàñòåé, ÷òî ïîçâîëÿåò îïðåäåëèòü êàð-

òèíó Dj ðàçáèåíèé. Â ñîîòâåòñòâèè ñ ýòèì îïðåäåëåíà êàðòèíà D-ðàçáèåíèé,

ïðèâåäåííàÿ íà ðèñ. 1-6. Îòìåòèì, ÷òî íà ãðàíèöå îáëàñòè óñòîé÷èâîñòè ïó-

÷åê îïåðàòîðîâ (2.14) ìîæåò èìåòü äâå ïàðû êîìïëåêñíî ñïåêòðàëüíûõ òî÷åê

ñïåêòðà, ëåæàùèõ íà ìíèìîé îñè êîìïëåêñíîé ïëîñêîñòè (ñì. ðèñ. 2). Ïðè ýòîì

îäíîé èç íèõ îòâå÷àåò ñîáñòâåííàÿ ôóíêöèÿ âèäà (2.25), à äðóãîé äâå � âèäà

(2.26), à ìåæäó òî÷êàìè ñïåêòðà ìîãóò áûòü âûïîëíåíû ðåçîíàíñíûå ñîîòíî-

øåíèÿ.

2.3 Áèôóðêàöèè àâòîêîëåáàòåëüíûõ ðåøåíèé íà÷àëüíî-êðàåâîé çàäà÷è (2.1)�

(2.2)

Èçó÷èì âîçìîæíûå áèôóðêàöèè àâòîêîëåáàòåëüíûõ ðåøåíèé íà÷àëüíî-êðàåâîé

çàäà÷è (2.1)�(2.2) èç îäíîðîäíûõ ñîñòîÿíèé ðàâíîâåñèÿ, îáóñëîâëåííûå ïîòå-

ðåé èõ óñòîé÷èâîñòè. Âîñïîëüçóåìñÿ äëÿ ýòîãî ìåòîäîì êàê â ãëàâå 1 èíâà-

ðèàíòíûõ (öåíòðàëüíûõ) ìíîãîîáðàçèé ðàñïðåäåëåííûõ äèíàìè÷åñêèõ ñèñòåì

[28, 35] è òåîðèåé íîðìàëüíûõ ôîðì íåëèíåéíûõ îáûêíîâåííûõ äèôôðåðåíöè-

àëüíûõ óðàâíåíèé â îêðåñòíîñòè ñîñòîÿíèé ðàâíîâåñèÿ [8]. Ïðè ôèêñèðîâàííûõ

D, γ, α âûáåðåì ïàðàìåòðû K∗, T∗ òàêèì îáðàçîì, ÷òîáû îíè ñîîòâåòñòâîâàëè

òî÷êå ãðàíèöû îáëàñòè óñòîé÷èâîñòè ñîñòîÿíèÿ ðàâíîâåñèÿ u∗(K∗) (ñì. ðèñ. 1-

6) íà÷àëüíî-êðàåâîé çàäà÷è (2.1)�(2.2) è ïðè ýòîì ïó÷îê îïåðàòîðîâ (2.14) èìåë

îäíó ïàðó êîìïëåêñíî ñîïðÿæåííûõ òî÷åê ñïåêòðà ±iω∗, ω∗ > 0, îòâå÷àþùèõ

ñëó÷àþ n > 0 (ñì.,íàïðèìåð, ðèñ. 5-6).

Ïîëîæèì K = K∗ + ε, ãäå ε - ìàëûé ïàðàìåòð, è èññëåäóåì âîçìîæíîñòü
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áèôóðêàöèè èç ñîñòîÿíèÿ ðàâíîâåñèÿ u∗(ε), îïðåäåëÿåìîãî ñîãëàñíî (2.35),

ïðîñòðàíñòâåííî-íåîäíîðîäíûõ ðåøåíèé ïðè èçìåíåíèè ïàðàìåòðà ε. Îòìåòèì,

÷òî òåïåðü â (2.8)-(2.11), (2.14), (2.29) b = b(ε) îïðåäåëÿåòñÿ ñîãëàñíî (2.35), à

b2 = b2(ε) = −(K∗ + ε)γ cos(u∗(ε)). (2.42)

ñîîòâåòñòâåííî â äàëüíåéøåì áóäåì èñïîëüçîâàòü îáîçíà÷åíèå ïó÷êà îïåðàòî-

ðîâ (2.14) P (λ; ε), ïó÷êà îïåðàòîðîâ (2.29) P ∗(λ; ε).

Ðàññìîòðèì ñëó÷àé n > 0. Êàê è ðàíåå λ(ε), λ̄(ε) òî÷êè ñïåêòðà ïó÷êà îïåðà-

òîðîâ P (λ; ε), óäîâëåòâîðÿþùèå óñëîâèþ λ(0) = iω∗. Â ýòîì èì ñîîòâåòñòâóþò

ñîáñòâåííûå ôóíêöèè (2.38). Ñîîòâåòñòâåííî òî÷êàì ñïåêòðà λ̄(ε), λ(ε) ïó÷êà

îïåðàòîðîâ P ∗(λ; ε) ñîîòâåòñòâóþò ñîáñòâåííûå ôóíêöèè

v∗nj(ρ, ϕ; ε) = v∗nj(ρ; ε)e
inϕ, v∗−nj(ρ, ϕ; ε) = v∗nj(ρ; ε)e

−inϕ, v̄∗nj(ρ, ϕ; ε), v̄
∗
−nj(ρ, ϕ; ε),

(2.43)

ãäå v∗nj(ρ; ε), v
∗
−nj(ρ; ε), v

∗
nj(ρ; 0) = v∗nj(ρ), v

∗
−nj(ρ; 0) = v∗−nj(ρ) àíàëèòè÷åñêè çàâè-

ñÿùèå îò ε ïðè |ε| < ε0 ôóíêöèè, à v∗nj(ρ), v
∗
−nj(ρ) îïðåäåëåíû â (2.31). Ôóíêöèè

(2.43) ìîãóò áûòü âûáðàíû òàêèì îáðàçîì, ÷òîáû ìåæäó ôóíêöèÿìè (2.38) è

(2.43) áûëè âûïîëíåíû óñëîâèÿ

(P ′(λ(ε); ε)u∗nj(ρ, ϕ; ε), v
∗
nj(ρ, ϕ; ε))L̃2

= 1,

(P ′(λ(ε); ε)u∗−nj(ρ, ϕ; ε), v̄
∗
nj(ρ, ϕ; ε))L̃2

= 0, (2.44)

(P ′(λ(ε); ε)u∗nj(ρ, ϕ; ε), v
∗
−nj(ρ, ϕ; ε))L̃2

= 0,

(P ′(λ(ε); ε)u∗−nj(ρ, ϕ; ε), v̄
∗
−nj(ρ, ϕ; ε))L̃2

= 1. (2.45)

Ðàññìîòðèì ïðèñîåäèíåííóþ ê (2.12)-(2.12) (ôîðìàëüíî ñîïðÿæåííóþ [?] ñ
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(2.12)-(2.13)) íà÷àëüíî-êðàåâóþ çàäà÷ó

vt(ρ, ϕ, t)− v(ρ, ϕ, t) = −D∆ρϕv(ρ, ϕ, t) + b(ε)Qα∗v(ρ, ϕ, t+ T ), (2.46)

vρ(R, ϕ, t) = 0, v(ρ, 0, t) = v(ρ, 2π, t), vϕ(ρ, 0, t) = vϕ(ρ, 2π, t),

v(ρ, ϕ, s) = v0(ρ, ϕ, s) ∈ H0(KR; 0, T ). (2.47)

îòíîñèòåëüíî ôóíêöèè v(ρ, ϕ, t + s) â îáëàñòè K̄R × R−, ãäå R− = {t : −∞ <

t ≤ 0}, 0 ≤ s ≤ T (T > 0).

Ôàçîâûì ïðîñòðàíñòâîì íà÷àëüíî-êðàåâîé çàäà÷è (2.46)-(2.48) ÿâëÿåòñÿ ïðî-

ñòðàíñòâî

H(KR; 0, T ) = {v(ρ, ϕ, s) : v(ρ, ϕ, s) ∈ L2(KR) ïðè êàæäîì 0 ≤ s ≤ T ,

||v(ρ, ϕ, s)||L2
∈ C([0, T ])}, îáëàñòüþ îïðåäåëåíèÿ ïðàâîé ÷àñòè óðàâíåíèÿ (2.46)

ÿâëÿåòñÿ ïðîñòðàíñòâî H0(KR; 0, T ) = {v(ρ, ϕ, s) : v(ρ, ϕ, s) ∈ C(K̄R × [0, T ]),

v(ρ, 0, s) = v(ρ, 2π, s), vϕ(ρ, 0, s) = vϕ(ρ, 2π, s), ïðè êàæäîì s v(ρ, ϕ, s) ∈

H2(KR)}. Íîðìû â óêàçàííûõ ïðîñòðàíñòâàõ ââîäÿòñÿ ïî àíàëîãèè ñ

H(KR;−T, 0), H0(KR;−T, 0). Íà÷àëüíî-êðàåâàÿ çàäà÷à (2.46)-(2.55) êîððåêòíî

ïîñòàâëåíà (è ðàçðåøèìà) â ñòîðîíó óáûâàíèÿ t.

Ìåæäó ýëåìåíòàìè ïðîñòðàíñòâ u(ρ, ϕ, s) ∈ H(KR;−T, 0) è

v(ρ, ϕ, s) ∈ H(KR; 0, T ) îïðåäåëèì ñêàëÿðíîå ïðîèçâåäåíèå

< u(ρ, ϕ, s), v(ρ, ϕ, s) >=

= (u(ρ, ϕ, 0), v(ρ, ϕ, 0))L̃2
− b(ε)

∫ 0

−T
(u(ρ/α, ϕ, ξ), v(ρ, ϕ, ξ + T ))L̃2

dξ. (2.48)

Ðåøåíèÿ (2.12)-(2.13) è (2.46)-(2.47) ñâÿçàíû ìåæäó ñîáîé ñëåäóþùèì îáðà-

çîì. Îáîçíà÷èì ÷åðåç u(ρ, ϕ, t+ s) è v(ρ, ϕ, t+ s) ðåøåíèÿ (2.12)-(2.13) è (2.46)-

(??) ñîîòâåòñòâåííî, îïðåäåëåííûå ïðè t > τ1, u(ρ, ϕ, τ1 + s) = u0(ρ, ϕ, s) ∈

H0(KR;−T, 0) è t < τ2, v(ρ, ϕ, τ2 + s) = v0(ρ, ϕ, s) ∈ H0(KR; 0, T ), è ïóñòü ïðè
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ýòîì τ1 < τ2. Òîãäà ïðè τ1 < t < τ2 ñïðàâåäëèâî ðàâåíñòâî

< u(ρ, ϕ, t+ s), v(ρ, ϕ, t+ s) >= c (c = const). (2.49)

Äëÿ ðåøåíèé u(ρ, ϕ, t + s) è v(ρ, ϕ, t + s), îïðåäåëåííûõ ïðè −∞ < t < ∞,

ðàâåíñòâà (2.49) âûïîëíåíû ïðè âñåõ t. Äëÿ äîêàçàòåëüñòâà ðàâåíñòâà (2.49)

ïðîäèôôåðåíöèðóåì åãî ïî t ñ ó÷åòîì óðàâíåíèé (2.12) è (2.46). Â ðåçóëüòàòå

áóäåì èìåòü

d

dt
< u(ρ, ϕ, t+ s), v(ρ, ϕ, t+ s) >=

>= (ut(ρ, ϕ, t), v(ρ, ϕ, t))L̃2
+ (u(ρ, ϕ, t), vt(ρ, ϕ, t))L̃2

−

− b

∫ 0

−T
(ut(ρ/α, t+ ϕ, ξ), v(ρ, ϕ, ξ + T ))L̃2

dξ−

− b

∫ 0

−T
(u(ρ/α, ϕ, t+ ξ), vt(ρ, ϕ, t+ ξ + T ))L̃2

dξ =

− (u(ρ, ϕ, t), v(ρ, ϕ, 0))L̃2
+D(∆ρϕu(ρ, ϕ, t), v(ρ, ϕ, t))L̃2

+ (u(ρ, ϕ, t), v(ρ, ϕ, t))L̃2
−

−D(u(ρ, ϕ, t),∆ρϕv(ρ, ϕ, t))L̃2
− b(u(ρ/α, ϕ, t− T ), v(ρ, ϕ, t))L̃2

+

+ b(u(ρ, ϕ, t), Qα∗v(ρ, ϕ, t+ T ))L̃2
−

− b(u(ρ/α, ϕ, t), v(ρ, ϕ, t+ T ))L̃2
+ b(u(ρ/α, ϕ, t− T ), v(ρ, ϕ, t))L̃2

+

+ b

∫ 0

−T
(u(ρ/α, ϕ, t+ ξ), vt(ρ, ϕ, t+ ξ + T ))L̃2

dξ−

− b

∫ 0

−T
(u(ρ/α, ϕ, t+ ξ), vt(ρ, ϕ, t+ ξ + T ))L̃2

dξ = 0. (2.50)

Îïðåäåëÿÿ òåïåðü ðåøåíèÿ (2.46)-(2.47) âèäà v(ρ, ϕ, t) = v(ρ, ϕ)ept, p ∈ C
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ïîëó÷èì õàðàêòåðèñòè÷åñêèé ïó÷îê îïåðàòîðîâ

Q(p)v(ρ, ϕ) ≡ pv(ρ, ϕ)− v(ρ, ϕ) +D∆ρ,ϕv(ρ, ϕ)− bQα∗v(ρ, ϕ)e
pT ≡

≡ −P ∗(−p)v(ρ, ϕ) (2.51)

äåéñòâóþùèé â L̃2(KR) ñ îáëàñòüþ îïðåäåëåíèÿ H̃2(KR). Òî÷êè ñïåêòðà (2.51)

è òî÷êè ñïåêòðà (2.14) ìîãóò áûòü óïîðÿäî÷åíû òàêèì îáðàçîì, ÷òî áóäóò âû-

ïîëíåíû ñîîòíîøåíèÿ pj = −λ̄j, j = 1, 2, . . . . Òàêèì îáðàçîì, ïó÷åê îïåðàòîðîâ

Q(p; ε) èìååò ïàðó êîìïëåêñíî ñîïðÿæåííûõ òî÷åê ñïåêòðà p(ε) = −λ̄(ε), p̄(ε),

êîòîðûì îòâå÷àþò ñîáñòâåííûå ôóíêöèè (2.43).

Ââåäåì â ðàññìîòðåíèå ôóíêöèè

e1(ρ, ϕ, s; ε) = u∗nj(ρ, ϕ; ε)e
λ(ε)s = u∗nj(ρ; ε)e

inϕeλ(ε)s, ē1(ρ, ϕ, s; ε),

e2(ρ, ϕ, s; ε) = u∗−nj(ρ, ϕ; ε)e
λ(ε)s = u∗nj(ρ; ε)e

−inϕeλ(ε)s, ē2(ρ, ϕ, s; ε) (2.52)

è

h1(ρ, ϕ, s; ε) = v∗nj(ρ, ϕ; ε)e
p(ε)s = v∗nj(ρ; ε)e

inϕep(ε)s, h̄1(ρ, ϕ, s; ε),

h2(ρ, ϕ, s; ε) = v∗−nj(ρ, ϕ; ε)e
p(ε)s = v∗nj(ρ; ε)e

−inϕep(ε)s, h̄2(ρ, ϕ, s; ε), (2.53)

ìåæäó êîòîðûìè ñîãëàñíî (2.44) âûïîëíåíû ñîîòíîøåíèÿ

< ej(ρ, ϕ, s; ε), hk(ρ, ϕ, s; ε) >= δjk,

< ej(ρ, ϕ, s; ε), h̄k(ρ, ϕ, s; ε) >= 0, j, k = 1, 2. (2.54)

Îáîçíà÷èì ÷åðåç H+(ε) ëèíåéíóþ îáîëî÷êó ôóíêöèé (2.52) ò.å. ìíîæåñòâî
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ôóíêöèé âèäà

u+(ρ, ϕ, s; ε) = e1(ρ, ϕ, s; ε)z1+ ē1(ρ, ϕ, s; ε)z̄1+ e2(ρ, ϕ, s; ε)z2+ ē2(ρ, ϕ, s; ε)z̄2 =

= (u∗nj(ρ; ε)e
λ(ε)sz1 + ū∗nj(ρ; ε)e

λ̄(ε)sz̄2)e
inϕ + (ū∗nj(ρ; ε)e

λ̄(ε)sz̄1+

u∗nj(ρ; ε)e
λ(ε)sz2)e

−inϕ, z1, z2 ∈ C, (2.55)

à ÷åðåç H−(ε) ìíîæåñòâî ôóíêöèé u−(ρ, ϕ, s) ∈ H0(KR;−T, 0), äëÿ êîòîðûõ

ñïðàâåäëèâû ðàâåíñòâà < u−(ρ, ϕ, s), hj(ρ, ϕ, s; ε) >= 0,

< u−(ρ, ϕ), h̄j(ρ, ϕ, s; ε) >= 0, j = 1, 2. Ñîãëàñíî (2.54) H+(ε)
⊕

H−(ε) =

H0(KR,−T, 0). H+(ε) îïðåäåëÿåò ÷åòûðåõìåðíîå ïðîñòðàíñòâî ðåøåíèé

u+(ρ, ϕ, t + s; ε) íà÷àëüíî-êðàåâîé çàäà÷è (2.12)-(2.13) âèäà (2.55), â êîòîðîì

zj = zj(t) ðåøåíèå óðàâíåíèÿ

żj = λ(ε)zj j = 1, 2. (2.56)

Îáîçíà÷èì ÷åðåç Su∗(R) = {u(ρ, ϕ, s) : u(ρ, ϕ, s) ∈ H0(KR;−T, 0), ||u(ρ, ϕ, s)−

u∗||H0
< R} -øàð ðàäèóñà R c öåíòðîì â u∗ = u∗(K,α, γ) ïðîñòðàíñòâà

H0(KR;−T, 0). Â ñëó÷àå u∗ = 0 áóäåì èñïîëüçîâàòü îáîçíà÷åíèå S(R) = S0(R).

Â äàëüíåéøåì S±(R; ε) = S(R)
⋂
H±(ε).

Ìíîæåñòâî M(ε) ⊂ S(R) áóäåì íàçûâàòü èíâàðèàíòíûì ìíîãîîáðàçèåì

íà÷àëüíî-êðàåâîé çàäà÷è (2.8)�(2.11), åñëè äëÿ åå ðåøåíèé u(ρ, ϕ, t+s) ñ íà÷àëü-

íûìè óñëîâèÿìè u(ρ, ϕ, t0 + s) ∈M(ε) ïðè íåêîòîðîì t0 ñëåäóåò, ÷òî u(ρ, ϕ, t+

s) ∈M(ε) ïðè âñåõ t > t0 ïîêà u(ρ, ϕ, t+ s) ∈ S(R).

Ðåçóëüòàòû ðàáîòû [28] è ìîíîãðàôèè [35] ïðèìåíèòåëüíî ê íà÷àëüíî-êðàåâîé

çàäà÷å (2.8)�(2.11) ïîçâîëÿþò ñôîðìóëèðîâàòü ñëåäóþùèå òåîðåìû.

Òåîðåìà 4. Ñóùåñòâóåò òàêèå ε0 > 0 è R > 0 , ÷òî ïðè |ε| < ε0 íà÷àëüíî-

êðàåâàÿ çàäà÷à (2.7)�(2.11) èìååò èíâàðèàíòíîå ìíîãîîáðàçèå M(ε) ⊂ S(R),
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êîòîðîå ìîæåò áûòü ïðåäñòàâëåíî â âèäå

u− = G(u+; ε), u± ∈ S±(R; ε), (2.57)

ãäå íåëèíåéíûé îïåðàòîð G(u+; ε) (G(0; ε) ≡ 0) äåéñòâóåò èç

S+(R; ε)
⊕

[−ε0, ε0] â S−(R; ε) è ãëàäêî çàâèñèò îò âõîäÿùèõ ïåðåìåííûõ (â

ñìûñëå äèôôåðåíöèðîâàíèÿ ïî Ôðåøå).

Îáîçíà÷èì ÷åðåç d(u(ρ, ϕ, s); ε) ðàññòîÿíèå îò òî÷êè u(ρ, ϕ, s) ∈ S(R) äî ìíî-

æåñòâà M(ε) â ìåòðèêå ïðîñòðàíñòâà H0(KR;−T, 0). Ñïðàâåäëèâà

Òåîðåìà 5. Ïóñòü u0(ρ, ϕ, s) ∈ S(R) íà÷àëüíîå óñëîâèå ðåøåíèÿ u(ρ, ϕ, t+s; ε)

íà÷àëüíî-êðàåâîé çàäà÷è (2.7)�(2.11) (u(ρ, ϕ, s; ε) = u0(ρ, ϕ, s)). Òîãäà t > 0

d(u(ρ, ϕ, t+ s; ε); ε) < Kd(u0(ρ, ϕ, s), ε)e
−αt, (2.58)

ãäå K,α > 0 íåêîòîðûå ïîñòîÿííûå.

Òàêèì îáðàçîì, ïîâåäåíèå ðåøåíèé íà÷àëüíî-êðàåâîé çàäà÷è (2.8)�(2.11) ñ

íà÷àëüíûìè óñëîâèÿìè èç S(R) ïîëíîñòüþ îïðåäåëÿåòñÿ ïîâåäåíèåì ðåøåíèé

íà èíâàðèàíòíîì ìíîãîîáðàçèèM(ε), êîòîðîå ìîæåò áûòü îïèñàíî ïîâåäåíèåì

ðåøåíèé íåêîòîðîé ÷åòûðåõìåðíîé ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ

óðàâíåíèé. Ìíîãîîáðàçèå M(ε) ñëåäóÿ [35], áóäåì íàçûâàòü öåíòðàëüíûì ìíî-

ãîîáðàçèåì íà÷àëüíî-êðàåâîé çàäà÷è (2.8)�(2.11).

Íà îñíîâàíèè ïðåäñòàâëåíèÿ (2.55) îïåðàòîð G(u+; ε) áóäåì ðàññìàòðèâàòü

êàê îïåðàòîð G(ρ, ϕ, s, z1, z̄1, z2, z̄2; ε) (G(ρ, ϕ, s, z1, z̄1, z2, z̄2, z̄; ε) ≡

≡G(ρ, ϕ+ 2π, s, z1, z̄1, z2, z̄2; ε), G(ρ, ϕ, s, 0, 0, 0, 0; ε) ≡ 0),

äåéñòâóþùèé èç C4
⊕

[−ε0, ε0] â S+(R) è ãëàäêî çàâèñÿùèé îò âõîäÿùèõ ïåðå-

ìåííûõ. Ñ ó÷åòîì ýòîãî è (2.55),(2.56) ïðåäñòàâèì îïåðàòîðG(ρ, ϕ, s, z1, z̄1, z2, z̄2; ε)

è ñèñòåìó îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, îïðåäåëÿþùèõ ïîâå-
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äåíèå òðàåêòîðèé òðàåêòîðèé (2.8)�(2.11) íà M(ε) â ñëåäóþùåì âèäå

G(ρ, ϕ, s, z1, z̄1, z2, z̄2; ε) =

= e1(ρ, ϕ, s; ε)z1 + ē1(ρ, ϕ, s; ε)z̄1 + e2(ρ, ϕ, s; ε)z2 + ē2(ρ, ϕ, s; ε)z̄2+

+ v2000(.)z
2
1 + v1100(.)z1z̄1 + v0200(.)z̄

2
1 + . . .

+ v0030(.)z
3
2 + v0021(.)z

2
2 z̄2 + v0012(.)z2z̄

2
2+

+ v0003(.)z̄
3
2 + g(ρ, ϕ, s, z1, z̄1, z2, z̄2; ε̄), (2.59)

ãäå vjk(.) = vjk(ρ, ϕ, s; ε), vjk(.) = v̄kj(.),

||g(ρ, ϕ, z1, z̄1, z2, z̄2; ε̄)||H1
= o(|z|3), |z| = (|z1|2 + |z2|2)1/2,

ż1 = λ1(ε̄)z1 + Z1(z1, z̄1, z2, z̄2; ε̄) ≡ Z∗
1(z1, z̄1, z2, z̄2; ε̄), (2.60)

ż2 = λ2(ε)z2 + Z2(z1, z̄1, z2, z̄2; ε) ≡ Z∗
2(z1, z̄1, z2, z̄2; ε), (2.61)

ãäå |Zj(z1, z̄1, z2, z̄2; ε)| = o(|z|3), j = 1, 2. Óðàâíåíèÿ äëÿ z̄1, z̄2 ïîëó÷àþòñÿ êîì-

ïëåêñíûì ñîïðÿæåíèåì (2.60)�(2.61).

Îòìåòèì âàæíûå ñâîéñòâà ôóíêöèé g(ρ, ϕ, z1, z̄1, z2, z̄2; ε), Zj(z1, z̄1, z2, z̄2; ε),

j = 1, 2. Ïóñòü u∗(ρ, ϕ, t + s; ε) ðåøåíèå íà÷àëüíî-êðàåâîé çàäà÷è (2.8)�(2.11).

Ïðîäîëæèì åãî ïåðèîäè÷åñêè ïî ϕ íà R. Ôóíêöèÿ u∗(ρ, ϕ + c, t + s; ε), ãäå c

ïðîèçâîëüíîå âåùåñòâåííîå ÷èñëî, òàêæå ÿâëÿåòñÿ ðåøåíèåì (2.8)�(2.11), â ÷åì

ëåãêî óáåäèòüñÿ íåïîñðåäñòâåííî, îáîçíà÷èâ ϕ1 = ϕ + c è ñ ó÷åòîì ðàâåíñòâà

∆ρ,ϕu
∗ = ∆ρ,ϕ1u

∗. Èñõîäÿ èç ýòîãî è (2.55), ñèñòåìà (2.60)�(2.61) èíâàðèàíòíà

îòíîñèòåëüíî ïðåîáðàçîâàíèé

Pc(z1, z̄1, z2, z̄2) = (z1e
ic, z̄1e

−ic, z2e
−ic, z̄2e

ic),

Pr(z1, z̄1, z2, z̄2) = (z2, z̄2, z1, z̄1), (2.62)
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à òàêæå äëÿ ëþáîãî âåùåñòâåííîãî c ñïðàâåäëèâî òîæäåñòâî

g(ρ, ϕ+ c, z1, z̄1, z2, z̄2; ε) ≡ g(ρ, ϕ, z1e
ic, z̄1e

−ic, z2e
−ic, z̄2e

ic; ε). (2.63)

Ñëåäñòâèåì ýòîãî ÿâëÿåòñÿ ïðåäñòàâëåíèå

ż1 = λ1(ε̄)z1 + z1Z
◦
1(z1, z̄1, z2, z̄2; ε) + z̄2Z

◦
2(z1, z̄1, z2, z̄2; ε), (2.64)

ż2 = λ2(ε)z2 + z2Z
◦
1(z2, z̄2, z1, z̄1; ε) + z̄1Z

◦
2(z2, z̄2, z1, z̄1; ε). (2.65)

Çäåñü ãëàäêèå ïî ñâîèì ïåðåìåííûì ôóíêöèè

Z◦
j (z1, z̄1, z2, z̄2; ε) =

= Aj(ε)|z1|2 +Bj(ε)|z2|2 + Cj(ε)z1z2 +Dj(ε)z̄1z̄2 + Sj(z1, z̄1, z2, z̄2; ε),

ãäå Aj(ε), Bj(ε), Cj(ε), Dj(ε) ãëàäêèå êîìïëåêñíîçíà÷íûå ôóíêöèè ε,

|Sj(z1, z̄1, z2, z̄2; ε)| = O(|z|4), |z|2 = |z1|2+ |z2|2. Ïðèâåäåì òåïåðü ñèñòåìó (2.64)�

(2.65) ê "ðåçîíàíñíîé íîðìàëüíîé ôîðìå"[8]. Íà îñíîâàíèè (2.62) ðåçîíàíñíûìè

êóáè÷åñêèìè ìîíîìàìè â óðàâíåíèè äëÿ żj ÿâëÿþòñÿ ëèøü ìîíîìû zj|z1|2 è

zj|z2|2. Òàêèì îáðàçîì, ïîëèíîìèàëüíîé çàìåíîé ïåðåìåííûõ ñèñòåìà (2.64)�

(2.65) ìîæåò áûòü ïðèâåäåíà ê âèäó

ż1 = z1(λ(ε) + d1(ε)|z1|2 + d2(ε)|z2|2) +Q(z1, z̄1, z2, z̄2; ε), (2.66)

ż2 = z2(λ(ε) + d2(ε)|z1|2 + d1(ε)|z2|2) +Q(z2, z̄2, z1, z̄1; ε), (2.67)

ãäå dj(ε) = aj(ε) + ibj(ε), à ôóíêöèÿ Q(∗) = O(|z|5) èíâàðèàíòíà îòíîñèòåëüíî

ïðåîáðàçîâàíèé Pc â ñëåäóþùåì âèäå

eicQ(z1e
ic, z1e

−ic, z2e
−ic, z2e

ic; ε) = Q(z1, z̄1, z2, z̄2; ε).

Íîðìàëèçóþùàÿ çàìåíà ìîæåò áûòü âûáðàíà êîììóòèðóþùåé ñ ïðåîáðàçîâà-
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íèÿìè (2.62), îòêóäà ñëåäóåò, ÷òî (2.66)�(2.67) ñîõðàíÿåò âñå ñâîéñòâà ñèììåò-

ðèè èñõîäíîé ñèñòåìû. Ñèñòåìà (2.66)�(2.67) áóäåì íàçûâàòü "ïîëíîé íîðìàëü-

íîé ôîðìîé à ñèñòåìà, ïîëó÷àþùàÿñÿ èç (2.66)�(2.67) îòáðàñûâàíèåì ôóíê-

öèé Q(∗), � "óêîðî÷åííîé íîðìàëüíîé ôîðìîé". Ïðåäïîëîæèì, ÷òî a1(0) =

Red1(0) < 0. Ñëó÷àé a1(0) > 0 ìîæåò áûòü ñâåäåí ê ýòîìó ñëó÷àþ çàìåíîé

t → −t è ïîýòîìó ðàññìàòðèâàòüñÿ íå áóäåò. Ñèñòåìà (2.66)�(2.67) áóäåò äàëåå

èçó÷àòüñÿ ïðè ìàëûõ |ε| â íåêîòîðîé, íå çàâèñÿùåé îò ε, îêðåñòíîñòè òî÷êè

(z1, z2) = (0, 0). Óêîðî÷åííóþ íîðìàëüíàÿ ôîðìó çàïèøåì â âèäå

ż1 = z1(γ(ε) + iω(ε) + d1(ε)|z1|2 + d2(ε)|z2|2), (2.68)

ż2 = z2(γ(ε) + iω(ε) + d2(ε)|z1|2 + d1(ε)|z2|2), (2.69)

λ(ε) = γ(ε) + iω(ε), γ(0) = 0, ω(ε) = ω∗ + εω1(ε). Ýòà ñèñòåìà èçó÷àëàñü â

ðàáîòå [17]). Ð¼çóëüòàòû åå àíàëèçà íåîáõîäèìû äëÿ ïîíèìàíèÿ äàëüíåéøåãî

èçëîæåíèÿ, ïîýòîìó ïðèâåäåì îñíîâíûå ðåçóëüòàòû. Ââåäåì zj = rje
ϕj , j = 1, 2.

Òîãäà äëÿ êâàäðàòîâ "àìïëèòóä"pj = r2j , j = 1, 2, ïîëó÷èì óðàâíåíèå:

ṗ1 = 2p1(γ(ε) + a1(ε)p1 + a2(ε)p2), (2.70)

ṗ2 = 2p2(γ(ε) + a2(ε)p1 + a1(ε)p2). (2.71)

Ñèñòåìó (2.70)�(2.71), î÷åâèäíî, ñëåäóåò ðàññìàòðèâàòü ëèøü ïðè íåîòðèöà-

òåëüíûõ pj, j = 1, 2. Óðàâíåíèÿ äëÿ àìïëèòóä "îòùåïèëèñü"îò óðàâíåíèé äëÿ

ôàç ϕj, ïî êîòîðûì èìååò ìåñòî ìîíîòîííîå âðàùåíèå ñ óãëîâîé ñêîðîñòüþ.

Ñâîéñòâà óêîðî÷åííîé íîðìàëüíîé ôîðìû (2.68)�(2.69) îïðåäåëÿþòñÿ ñâîéñòâà-

ìè àìïëèòóäíîé ñèñòåìû(2.70)�(2.71). Ïðåäïîëîæèì, ÷òî âûïîëíåíî ñëåäóþ-

ùåå óñëîâèå íåâûðîæäåííîñòè

dγ(ε)/dε|ε=0 = γ1 > 0, a1(0)a2(0)(a
2
1(0)− a22(0)) ̸= 0, (2.72)
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êîòîðîå â ñèëó ãëàäêîñòè ôóíêöèé aj(ε) âûïîëíÿåòñÿ ïðè |ε| < ε0.

Ñîñòîÿíèÿìè ðàâíîâåñèÿ ñèñòåìû (2.70)�(2.71) ÿâëÿþñÿ ñëåäóþùèå òî÷êè

p01 = p02 = 0,

p01 = 0, p02 = −γ(ε)/a1(ε) = −εγ1/a1(0) +O(ε2),

p02 = 0, p01 = −γ(ε)/a1(ε) = −εγ1/a1(0) +O(ε2),

p01 = p02 = −γ(ε)/(a1(ε) + a2(ε)) = −εγ1/(a1(0) + a2(0)) +O(ε2).

Ñìûñë èìåþò, åñòåñòâåííî, ëèøü p0j ≥ 0, j = 1, 2. Ïðè âûáðàííîì íàìè a1(0) <

0 âîçìîæíû òðè òèïà ïåðåñòðîåê ôàçîâîãî ïîðòðåòà ñèñòåìû (2.70)�(2.71) ïðè

ñìåíå çíàêà ε: äâà ïðè a1(0) + a2(0) < 0, îòâå÷àþùèå a2(0) < 0 è a2(0) > 0, è

îäèí ïðè a1(0)+a2(0) > 0 ( ïðè ýòîì îáÿçàòåëüíî a2(0) > 0). Ñîîòâåòñòâóþùèå

ôàçîâûå ïîðòðåòû ïðåäñòàâëåíû íà Ðèñ.2.1-2.3.



82

µ < 0 µ > 0

Ðèñ. 2.1: Ðèñ. 2.13 a(0) + b(0) < 0, b(0) < 0

µ < 0 µ > 0

Ðèñ. 2.2: Ðèñ. 2.14 a(0) + b(0) < 0, b(0) > 0

µ < 0 µ > 0

Ðèñ. 2.3: Ðèñ. 2.15 a(0) + b(0) > 0, b(0) > 0
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Ôàçîâûå ïîðòðåòû íå ñîäåðæàò ïðåäåëüíûõ öèêëîâ è ïðè äîñòàòî÷íî ìàëûõ

|ε| ≠ 0 âñå îñîáûå òî÷êè íà íèõ ãðóáûå.

Ðàññìîòðèì èçîëèðîâàííûå èíâàðèàíòíûå ìíîæåñòâà óêîðî÷åííîé íîðìàëü-

íîé ôîðìû. Ðàññìîòðèì òåïåðü ïîëíûé (÷åòûðåõìåðíûé ) ôàçîâûé ïîðòðåò

ñèñòåìû (2.68)�(2.69). Ñîñòîÿíèþ ðàâíîâåñèÿ p01 = p02 = 0 ñèñòåìû (2.70)�(2.71)

îòâå÷àåò ñîñòîÿíèå ðàâíîâåñèÿ z01 = z02 = 0 ñèñòåìû (2.68)�(2.69). Ñîñòîÿíè-

ÿì ðàâíîâåñèÿ p01 = 0, p02 > 0 è p02 = 0, p01 > 0 â ñèñòåìå (2.68)�(2.69) îòâå÷àþò

ïðåäåëüíûå öèêëû. Äåéñòâèòåëüíî, êîîðäèíàòíûå ïëîñêîñòè z1 = 0 è z2 = 0 èí-

âàðèàíòíû îòíîñèòåëüíî óêîðî÷åííîé íîðìàëüíîé ôîðìû (2.68)�(2.69). Â ïëîñ-

êîñòè z2 = 0 äâèæåíèå ôàçîâîé òî÷êè îïèñûâàåòñÿ óðàâíåíèåì

ż1 = z1(γ(ε) + iω(ε) + d1(ε)|z1|2)

èìåþùèì ïðåäåëüíûé öèêë L0
1 â âèäå îêðóæíîñòè ðàäèóñà r1 = (−γ(ε)/a1(ε))1/2.

Óãëîâàÿ ñêîðîñòü äâèæåíèÿ òî÷êè ïî ýòîìó ïðåäåëüíîìó öèêëó ïîñòîÿííà. Àíà-

ëîãè÷íî, ñóùåñòâóåò ïðåäåëüíûé öèêë L0
2(ε), ëåæàùèé â ïëîñêîñòè z2 = 0. Öèê-

ëû L0
1(ε) è L0

2(ε) ïåðåâîäÿòñÿ â ñåáÿ ïðåîáðàçîâàíèÿìè Pc è ïåðåñòàâëÿþòñÿ

ïðåîáðàçîâàíèåì Pr. Îñîáîé òî÷êå p01 = p02 > 0 ñèñòåìû (2.70)�(2.71) ñîîòâåò-

ñòâóåò äâóìåðíûé èíâàðèàíòíûé òîð T 0(ε) â ñèñòåìå (2.70)�(2.71), ñîñòàâëåí-

íûé èç çàìêíóòûõ òðàåêòîðèé. Äåéñòâèòåëüíî, ïëîñêîñòü r1 = r2 èíâàðèàíòíà

îòíîñèòåëüíî óêîðî÷åííîé íîðìàëüíîé ôîðìû (2.68)�(2.69). Äâèæåíèå â ýòîé

ïëîñêîñòè ñ íà÷àëüíûìè ôàçàìè ϕ01 è ϕ
0
2 ìîæåò áûòü ïðåäñòàâëåíî â âèäå

z1(t) = z(t)eiϕ
0
1, z2(t) = z(t)eiϕ

0
2,

ãäå z(t) = r(t)eiϕ(t) è ϕ(0) = 0. Äëÿ z ïîëó÷àåì óðàâíåíèå

ż = z(γ(ε) + iω(ε) + (d1(ε) + d2(ε))|z|2),
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èìåþùåå ïðåäåëüíûé öèêë â âèäå îêðóæíîñòè ðàäèóñà r = (−γ(ε)/(a1(ε) +

a2(ε)))
1/2. Ñëåäîâàòåëüíî, óêîðî÷åííàÿ íîðìàëüíàÿ ôîðìà (2.68)�(2.69) èìååò

äâóìåðíûé èíâàðèàíòíûé òîð T 0(ε), ïîëó÷àþùèéñÿ âñåâîçìîæíûìè ñäâèãàìè

äàííîãî öèêëà ñ ïîìîùüþ ïðåîáðàçîâàíèé Pc, c ∈ [0, 2π). Óãëû ϕ01 è ϕ
0
2 ÿâëÿþòñÿ

êîîðäèíàòàìè íà ýòîì òîðå. Òîð T 0(ε) êàê öåëîå ïåðåâîäèòñÿ â ñåáÿ ïðåîáðàçî-

âàíèåì Pr. Êàæäàÿ çàìêíóòàÿ òðàåêòîðèÿ íà òîðå ïåðåâîäèòñÿ â ñåáÿ ïðåîáðà-

çîâàíèåì PrPc, ãäå c = (ϕ02−ϕ01)/2. Óñòîé÷èâîñòü ïåðå÷èñëåííûõ èíâàðèàíòíûõ

ìíîæåñòâ â óêîðî÷åííîé íîðìàëüíîé ôîðìå (2.68)�(2.69) ñîâïàäàåò ñ óñòîé-

÷èâîñòüþ ñîîòâåòñòâóþùèõ îñîáûõ òî÷åê â àìïëèòóäíîé ñèñòåìå (2.70)�(2.71).

Äðóãèõ èçîëèðîâàííûõ èíâàðèàíòíûõ ìíîæåñòâ ñèñòåìà (2.68)�(2.69) íå èìååò,

òàê êàê èõ íåò â îòùåïëÿþùåéñÿ àìïëèòóäíîé ñèñòåìå. Âñå ïîëó÷åííûå ðåçóëü-

òàòû ìîæíî ïåðåíåñòè íà ïîëíóþ ñèñòåìó (2.66)�(2.67) ïðè äîñòàòî÷íî ìàëûõ

|ε|, ðàññìàòðèâàÿ åå êàê ìàëîå âîçìóùåíèå ñèñòåìû (2.68)�(2.69) â íåêîòîðîé

îêðåñòíîñòè íà÷àëà êîîðäèíàò. Ñèñòåìà (2.66)�(2.67), î÷åâèäíî, èìååò îñîáóþ

òî÷êó p01 = p02 = 0. Ïðè ε < 0 îíà àñèìïòîòè÷åñêè óñòîé÷èâà, à ïðè ε > 0 -

íåóñòîé÷èâà. Ïðè ε = 0 íóëåâîå ñîñòîÿíèå ðàâíîâåñèÿ â ñèëó ïðåäïîëîæåíèÿ

a(0) < 0 áóäåò àñèìïòîòè÷åñêè óñòîé÷èâûì ïðè a(0) + b(0) > 0 è íåóñòîé÷èâîé

- ïðè a(0) + b(0) < 0 [18]. Óêîðî÷åííàÿ íîðìàëüíàÿ ôîðìà (2.68)�(2.69) èìååò

èçîëèðîâàííûå ãðóáûå ïðåäåëüíûå öèêëû L0
1 è L

0
2 â ïëîñêîñòÿõ z1 = 0 è z2 = 0.

Â ïîëíîé íîðìàëüíîé ôîðìå (2.68)�(2.69) ýòè ïëîñêîñòè ïåðåñòàþò áûòü èí-

âàðèàíòíûìè, îäíàêî, ïðè äîñòàòî÷íî ìàëûõ ε > 0 â ñèñòåìå (2.66)�(2.67) áóäóò

ñóùåñòâîâàòü èçîëèðîâàííûå ïðåäåëüíûå öèêëû L1(ε) è L2(ε), áëèçêèå ê ïðå-

äåëüíûì öèêëàì, ñèñòåìû (2.68)�(2.69)(ñì. [?]) âèäà

z1(t; ε
1/2) = r∗(t; ε

1/2)eiϕ1(t;ε),

r∗(t; ε
1/2) = ε1/2r∗ +O(ε3/2), r∗ = −γ1/a1(0))1/2,
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ϕ̇1(t; ε) = ω∗ + εω∗1 +O(ε2), ω∗1 = ω1(0)− γ1/a1(0),

z2(t) = O(ε3/2), (2.73)

z2(t; ε
1/2) = r∗(t; ε

1/2)eiϕ2(t;ε), r∗(t; ε
1/2) = ε1/2r∗ +O(ε3/2),

ϕ̇2(t; ε) = ω∗ + εω∗1 +O(ε2), z1(t) = O(ε3/2), (2.74)

Òàê êàê ñèñòåìà (2.68)�(2.69) èíâàðèàíòíà îòíîñèòåëüíî ïðåîáðàçîâàíèé (2.62)

è èìååò èçîëèðîâàííûå ïðåäåëüíûå öèêëû, òî ýòè öèêëû ïåðåâîäÿòñÿ â ñåáÿ

ïðåîáðàçîâàíèÿìè Pc è ïåðåñòàâëÿþòñÿ ïðåîáðàçîâàíèåì Pr. Äâèæåíèå ïî öèê-

ëàì ìîæíî ïðåäñòàâèòü êàê ðàâíîìåðíûé ñäâèã ïîä äåéñòâèåì Pc(t), ċ(t) = 0

(cì., íàïðèìåð, [18] ). Óêîðî÷åííàÿ íîðìàëüíàÿ ôîðìà (2.68)�(2.69) èìååò èçî-

ëèðîâàííûé èíâàðèàíòíûé òîð T 0(ε) ñîîòâåòñòâóþùåé óñòîé÷èâîñòè, çàïîë-

íåííûé çàìêíóòûìè òðàåêòîðèÿìè. Ïðè äîñòàòî÷íî ìàëûõ |ε| ≠ 0 â ïîëíîé

íîðìàëüíîé ôîðìå (2.66)�(2.67) áóäåò ñóùåñòâîâàòü áëèçêèé èçîëèðîâàííûé

äâóìåðíûé èíâàðèàíòíûé òîð T2(ε) òîé æå óñòîé÷èâîñòè (ñì. â ýòîé ñâÿçè

òàêæå[?]). Èç ñèììåòðèè ñèñòåìû (2.66)�(2.67) ñëåäóåò, ÷òî ñòðóêòóðà òðàåê-

òîðèé íà òîðå â ñèñòåìå (2.66)�(2.67) òàêàÿ æå, êàê è â óêîðî÷åííîé ñèñòå-

ìå(2.68)�(2.69). Äåéñòâèòåëüíî, ïëîñêîñòü r1 = r2 èíâàðèàíòíà è îòíîñèòåëüíî

ïîëíîé íîðìàëüíîé ôîðìû (2.66)�(2.67). Êàê è äëÿ óêîðî÷åííîé íîðìàëüíîé

ôîðìû, äâèæåíèå â ýòîé ïëîñêîñòè ñ íà÷àëüíûìè ôàçàìè ϕ01 è ϕ
0
2 ìîæåò áûòü

ïðåäñòàâëåíî â âèäå

z1(t) = z(t)eiϕ
0
1, z2(t) = z(t)eiϕ

0
2, (2.75)

ãäå z(t) = r(t)eiϕ(t), ϕ(0) = 0, a z(t) îïðåëåëÿåòñÿ èç óðàâíåíèÿ

ż = z(γ(ε) + iω(ε) + (d1(ε) + d2(ε))|z|2) +Q(z, z̄, zei(ϕ
0
1+ϕ

0
2, z̄e−i(ϕ

0
1+ϕ

0
2; ε). (2.76)

Ïðè ýòîì èñïîëüçîâàíî ñâîécâî èíâàðèàíòíîñòè ôóíêöèè Q(∗) îòíîñèòåëüíî
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ïðåîáðàçîâàíèÿ (2.62). Óðàâíåíèå (2.76) èìååò ïðè ε > 0 ïðåäåëüíûé öèêë,

áëèçêèé ê îêðóæíîñòè âèäà

z(t) = r(t)eiϕ(t), r(t) = ε1/2(−γ1/(a1(0) + a2(0)))
1/2 +O(ε),

ϕ̇(t) = ω∗+εω∗∗1+O(ε
2), ω∗∗1 = ω1(0)−γ1(b1(0)+b2(0))/(a1(0)+a2(0)). (2.77)

Ýòîò öèêë, êàê è â ñëó÷àå (2.68)�(2.69), ïîðîæäàåò â ñèñòåìå (2.66)�(2.67) èí-

âàðèàíòíûé òîð T2(ε), çàïîëíåííûé çàìêíóòûìè òðàåêòîðèÿìè (2.75). Îòìå-

òèì, ÷òî â [?] ïîêàçàíî, ÷òî â íåêîòîðîé ôèêñèðîâàííîé îêðåñòíîñòè òî÷êè

(z1, z2) = (0, 0) ñèñòåìû óðàâíåíèé (2.66)�(2.67) íåò äðóãèõ çàìêíóòûõ òðàåê-

òîðèé, êðîìå ïåðå÷èñëåííûõ âûøå.

Ïåðåíåñåì ïîëó÷åííûå ðåçóëüòàòû íà íà÷àëüíî-êðàåâóþ çàäà÷ó (2.8)-(2.11)

ñ ó÷åòîì ñòðóêòóðû (2.59), (2.63) è óðàâíåíèé (2.60)-(2.61). Ïîäñòàâèâ ïåðè-

îäè÷åñêèÿ ðåøåíèÿ (2.73) è (2.74) â (2.59), ïîëó÷èì ïåðèîäè÷åñêèå ðåøåíèÿ

(2.8)-(2.9) âèäà

u1(ρ, ψ, s; ε
1/2) = ε1/2u∗(ρ, ψ; ε

1/2) =

= ε1/2r∗(u
∗
nj(ρ)e

iψ + ū∗nj(ρ)e
iψ) + εu2(ρ, ψ; ε

1/2),

ψ = nϕ+ (ω∗ + εω∗1 +O(ε2))(t+ s) + c, c = const, (2.78)

ãäå u2(ρ, ψ; ε1/2) = u2(ρ, ψ + 2π; ε1/2) ãëàäêî çàâèñÿùàÿ îò ñâîèõ ïåðåìåííûõ

ôóíêöèÿ, è

u2(ρ, ψ, s; ε
1/2) = ε1/2u∗(ρ, ψ; ε

1/2),

ψ = −nϕ+ (ω∗ + εω∗1 +O(ε2))(t+ s) + c, c = const, (2.79)

êîòîðûå ÿâëÿþòñÿ èäåíòè÷íûìè ñïèðàëüíûìè âîëíàìè, âðàùàþùèìèñÿ â ïðî-

òèâîïîëîæíûõ íàïðàâëåíèÿõ. Â ýòîì ëåãêî óáåäèòüñÿ, çàïèñàâ ãëàâíóþ ÷àñòü
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ýòèõ ðåøåíèé â âèäå

u∗nj(ρ)e
iψ + ū∗nj(ρ)e

iψ =

= R∗(ρ) cos(ψ + ψ∗(ρ)) R∗(ρ) = |u∗nj(ρ)|, ψ∗(ρ) = arg(u∗nj(ρ)). (2.80)

Ïîäñòàâèì òåïåðü ñåìåéñòâî ïåðèîäè÷åñêèõ ðåøåíèÿ (2.77) â (2.59). Ñ ó÷åòîì

(2.82) ïîëó÷èì îäíîïàðàìåòðè÷åñêîå ñåìåéñòâî ïåðèîäè÷åñêèõ ðåøåíèé (èíâà-

ðèàíòíûé òîð T2(ε) íà÷àëüíî-êðàåâîé çàäà÷è (2.8)-(2.9) âèäà

u◦(ρ, t+ s; ε1/2) = ε1/2(u∗∗(ρ, n+ ψ; ε1/2) + u∗∗(ρ,−n+ ψ; ε1/2) =

= ε1/2r∗∗(u
∗
nj(ρ)e

i(n+ψ) + ū∗nj(ρ)e
i(n−ψ)) + u∗nj(ρ)e

i(−n+ψ) + ū∗nj(ρ)e
(−i(n+ψ))+

+ε(u2∗(ρ, n+ ψ; ε1/2) + u2∗(ρ,−n+ ψ; ε1/2)),

ϕ = (ω∗ + εω∗∗1 +O(ε2))(t+ s) + c, c = const, (2.81)

ãäå u2∗(ρ, ψ; ε1/2) = u2(ρ, ψ + 2π; ε1/2) ãëàäêî çàâèñÿùàÿ îò ñâîèõ ïåðåìåííûõ

ôóíêöèÿ. Ñåìåéñòâî ïåðèîäè÷åñêèõ ðåøåíèé (2.81) ïðåäñòàâëÿåò ñîáîé ñåìåé-

ñòâî ñòîÿ÷èõ âîëí, èíâàðèàíòíûõ îòíîñèòåëüíî ñäâèãà ïî óãëîâîé ïåðåìåííîé

(âåäóùèé öåíòð).

ż1 = (λ1(ε̄) + d1(ε))|z1|2 + d2(ε))|z2|2)z1 + Z51(z1, z̄1, z2, z̄2; )̄ ≡

≡ Z∗
1(z1, z̄1, z2, z̄2; ε̄), (2.82)

ż2 = λ2(ε) + d2(ε))|z1|2 + d1(ε))|z2|2)z2 + Z52(z1, z̄1, z2, z̄2; ε) ≡

≡ Z∗
2(z1, z̄1, z2, z̄2; ε), (2.83)

ãäå |Z5j(z1, z̄1, z2, z̄2; ε)| = o(|z|5), j = 1, 2. Óðàâíåíèÿ äëÿ z̄1, z̄2 ïîëó÷àþòñÿ êîì-

ïëåêñíûì ñîïðÿæåíèåì (2.60)�(2.61).
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Ðàññìîòðèì àëãîðèòì âû÷èñëåíèÿ êîýôôèöèåíòîâ ðàçëîæåíèé (2.59), (2.82)�

(2.83). Äëÿ ýòîãî âîñïîëüçóåìñÿ ïîäõîäîì, èñïîëüçóåìûì â ðàáîòàõ [61, ?], äëÿ

÷åãî ïåðåéäåì îò (2.8)�(2.11) ê ýêâèâàëåíòíîé íà÷àëüíî-êðàåâîé çàäà÷å â îáëà-

ñòè K̄R × [−T, 0]× R+, ïîëîæèâ w(ρ, ϕ, s, t) = u(ρ, ϕ, t+ s),

wt(ρ, ϕ, s, t) = ws(ρ, ϕ, s, t), (2.84)

ws(ρ, ϕ, 0, t) = −w(ρ, ϕ, 0, t) +D∆ρϕw(ρ, ϕ, 0, t)− b(ε)w(ρ/α, ϕ,−T, t)+

+b2(ε)w
2(ρ/α, ϕ,−T, t) + b(ε)w3(ρ/α, ϕ,−T, t)/6 + ...,

wρ(R, ϕ, s, t) = 0, w(ρ, 0, s, t) = w(ρ, 2π, s, t), wϕ(ρ, 0, s, t) = wϕ(ρ, 2π, s, t),

w(ρ, ϕ, s, 0) = w0(ρ, ϕ, s) ∈ H0(KR;−T, 0). (2.85)

Â ðàññìàòðèâàåìîì ñëó÷àå óñëîâèå ïðèíàäëåæíîñòè òðàåêòîðèé ñèñòåìû óðàâ-

íåíèé (2.82), (2.83) â ñèëó ìíîãîîáðàçèÿ (2.59) íà÷àëüíî-êðàåâîé çàäà÷å (2.84)�

(2.85) ((2.8)�(2.11)) îïðåäåëÿåò òîæäåñòâà

dG(.)

dt
≡

2∑
j=1

(
∂G(.)

∂zj
Z∗
j (z1, z̄1, z2, z̄2; ε) +

∂G(.)

∂z̄j
Z̄∗
j (z1, z̄1, z2, z̄2; ε)) ≡

∂G(.)

∂s
(2.86)

Gs(ρ, ϕ, 0, z1, z̄1, z2, z̄2; ε) ≡

≡ −G(ρ, ϕ, 0, z1, z̄1, z2, z̄2; ε) +D∆ρϕG(ρ, ϕ, 0, z1, z̄1, z2, z̄2; ε̄)−

−b(ε)G(ρ/α, ϕ,−T, z1, z̄1, z2, z̄2; ε) + b2(ε)G(ρ/α, ϕ,−T, z1, z̄1, z2, z̄2; ε)2/2+

+b(ε)G(ρ/α, ϕ,−T, z1, z̄1, z2, z̄2; ε)3/6 + . . . , (2.87)

äëÿ îïðåäåëåíèÿ êîýôôèöèåíòîâ ðàçëîæåíèÿ (2.59) è êîýôôèöèåíòîâ d1(ε)),

d2(ε). Ïðèðàâíèâàÿ â (2.86)�(2.87) êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ

z1, z̄1, z2, z̄2 ïîëó÷èì äëÿ îïðåäåëåíèÿ ôóíêöèé, âõîäÿùèõ â (2.59), ðåêóððåíò-
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íóþ ïîñëåäîâàòåëüíîñòü êðàåâûõ çàäà÷. Ïðè ïåðâûõ ñòåïåíÿõ ðàâåíñòâà âûïîë-

íÿþòñÿ àâòîìàòè÷åñêè â ñèëó (2.55),(2.56). Ïðè äðóãèõ ñòåïåíÿõ ÷àñòü êðàåâûõ

çàäà÷ îäíîçíà÷íî ðàçðåøèìà, îäíîçíà÷íîé ðàçðåøèìîñòè äðóãîé ÷àñòè äîáè-

âàåìñÿ âûáîðîì êîýôôèöèåíòîâ d1(ε)), d2(ε). Îñòàíîâèìñÿ áîëåå ïîäðîáíî íà

ýòèõ âû÷èñëåíèÿõ.

Ïðèðàâíÿåì â (2.86)�(2.87) êîýôôèöèåíòû ïðè z2. Â ðåçóëüòàòå ïîëó÷èì äëÿ

îïðåäåëåíèÿ v2000(ρ, ϕ, s; ε) êðàåâóþ çàäà÷ó

2λ(ε)v2000(ρ, ϕ, s; ε) = v2000s(ρ, ϕ, s; ε), v2000s(ρ, ϕ, 0; ε) = −v2000(ρ, ϕ, s; ε)+

+D∆ρϕv2000(ρ, ϕ, s; ε)−

− b(ε)v2000(ρ/α, ϕ,−T∗; ε) + b2(ε)e
−2λ(ε)T∗(u∗nj(ρ/α))

2ei2nϕ/2, (2.88)

êîòîðàÿ èìååò åäèíñòâåííîå ðåøåíèå

v2000(ρ, ϕ, s; ε) = w2000(ρ; ε)e
i2nϕ+2λ(ε)s,

ãäå

L(2λ(ε), n; ε)w20000(ρ; ε) ≡

≡ 2λ(ε)w20000(ρ; ε) + w2000(ρ; ε)−D(
1

ρ

d

dρ
(ρ
d

dρ
)− n2

ρ2
)w2000(ρ; ε)+

+b(ε)w2000(ρ; ε)e
−λ(ε)T∗ = b2(ε)e

−2λ(ε)T∗(u∗nj(ρ/α))
2/2. (2.89)

Òàê êàê 2iω∗ íå ÿâëÿåòñÿ òî÷êîé ñïåêòðà ïó÷êà îïåðàòîðîâ P (λ; 0), òî îïðåäåëåí

îãðàíè÷åííûé îïåðàòîð L−1(2λ(ε), n; ε) : L2(0, 1) → H2(0, 1), ãäå H2(0, 1) =

{w(ρ) ∈ W 2
2 (0, 1),wρ(R) = 0}. Â ñâÿçè ñ ýòèì

w20000(ρ; ε) = b2(ε)e
−2λ(ε)T∗/2L−1(2λ(ε), n; ε)(u∗nj(ρ/α))

2. (2.90)
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Äëÿ ïðàêòè÷åñêîãî ïîñòðîåíèÿ w2000(ρ; ε) ïðåäñòàâèì

w2000(ρ; ε) =
∞∑
j=1

p2nj(ε)R2nj(ρ),

(u∗nj(ρ/α))
2 =

∞∑
j=1

f2nj(ε)R2nj(ρ), f2nj(ε) = ((u∗nj(ρ/α))
2, R2nj(ρ))R. (2.91)

Ïîäñòàâèâ (2.91) â (2.89) è ñïðîåêòèðîâàâ íà ñèñòåìó ôóíêöèé R2nj(ρ), j =

1, 2, . . . , ïîëó÷èì ëèíåéíóþ àëãåáðàè÷åñêóþ ñèñòåìó óðàâíåíèé

P (n)(2λ(ε), α; ε)p2n(ε) = b2(ε)e
−2λ(ε)T∗/2f2n(ε),

p2n(ε) = (p2n1(ε), p2n2(ε), . . . ), f2n(ε) = (f2n1(ε), f2n2(ε), . . . ) (2.92)

â ïðîñòðàíñòâå l2 â êîòîðîé áåñêîíå÷íîìåðíàÿ ìàòðèöà P (n)(2λ(ε), α; ε) îïðåäå-

ëåíà â (2.16). Èç (2.92) íàõîäèì

p2n(ε) = b2(ε)e
−2λ(ε)T∗/2(P (n)(2λ(ε), α; ε))−1f2n(ε).

Àíàëîãè÷íî äëÿ îïðåäåëåíèÿ v1100(ρ, ϕ, s; ε) èìååì êðàåâóþ çàäà÷ó

(λ(ε) + λ̄(ε))v1100(ρ, ϕ, s; ε) = v1100s(ρ, ϕ, s; ε),

v1100s(ρ, ϕ, 0; ε) = −v1100(ρ, ϕ, s; ε)+

+D∆ρϕv1100(ρ, ϕ, s; ε)− b(ε)v1100(ρ/α, ϕ, s; ε)+

+ b2(ε)e
−(λ(ε)+λ̄(ε))T∗u∗nj(ρ/α)ū

∗
nj(ρ/α), (2.93)

åäèíñòâåííîå ðåøåíèå êîòîðîé èìååò âèä

v1100(ρ, ϕ, s; ε) ≡ w1100(ρ; ε)e
(λ(ε)+λ̄(ε))s w11(ρ; ε) =

∞∑
j=0

p0j(ε)R0j(ρ),
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ãäå

L(λ(ε) + λ̄(ε), 0; ε)w1100(ρ; ε) ≡

≡ (λ(ε) + λ̄(ε))w1100(ρ; ε) + w1100(ρ; ε)−D(
1

ρ

d

dρ
(ρ
d

dρ
))w1100(ρ; ε)+

+b(ε)w1100(ρ; ε)e
−(λ(ε)+λ̄(ε))T∗ = b2(ε)e

−(λ(ε)+λ̄(ε))T∗u∗nj(ρ/α)ū
∗
nj(ρ/α), (2.94)

èëè

w1100(ρ; ε) = b2(ε)e
−(λ(ε)+λ̄(ε))T∗/2L−1(λ(ε) + λ̄(ε); ε)u∗nj(ρ/α)ū

∗
nj(ρ/α), (2.95)

ò.ê. ïðè |ε| < ε0 λ(ε) + λ̄(ε) íå ÿâëÿåòñÿ òî÷êîé ñïåêòðà ïó÷êà îïåðàòîðîâ

P (λ; ε).

Äëÿ ïðàêòè÷åñêîãî ïîñòðîåíèÿ w1100(ρ; ε) ïðåäñòàâèì

w1100(ρ; ε) =
∞∑
k=0

p0k(ε)R0k(ρ), u
∗
nj(ρ/α)ū

∗
nj(ρ/α) =

∞∑
k=0

f0k(ε)R0k(ρ),

f0k(ε) = (u∗nj(ρ/α)ū
∗
nj(ρ/α), R0k(ρ))R. (2.96)

Ïîäñòàâèâ (2.91) â (2.90) è ñïðîåêòèðîâàâ íà ñèñòåìó ôóíêöèé R0k(ρ), k =

0, 1, . . . , ïîëó÷èì ëèíåéíóþ àëãåáðàè÷åñêóþ ñèñòåìó óðàâíåíèé

P (0)(λ(ε) + λ̄(ε), α; ε)p0(ε) = b2(ε)e
−(λ(ε)+λ̄(ε))T∗/2f0(ε),

p0(ε) = (p00(ε), p01(ε), . . . ), f0(ε) = (f00(ε), f01(ε), . . . ), (2.97)

â ïðîñòðàíñòâå l2, â êîòîðîé áåñêîíå÷íîìåðíàÿ ìàòðèöà P 0(λ(ε) + λ̄(ε), α; ε)

îïðåäåëåíà â (2.16). Èç (2.92) íàõîäèì

p0(ε) = b2(ε)e
−(λ(ε)+λ̄(ε))T∗(P (0)(λ(ε) + λ̄(ε), α; ε))−1f0(ε).

Àíàëîãè÷íûì îáðàçîì íàõîäÿòñÿ è äðóãèå ôóíêöèè vjk(ρ, ϕ, s; ε) ïðåäñòàâ-
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ëåíèÿ (2.59). Îòìåòèì èìåþùèåñÿ ðàâåíñòâà ìåæäó ýòèìè ôóíêöèÿìè.

w0200(ρ; ε) = w̄2000(ρ; ε), w0020(ρ; ε) = w2000(ρ; ε), w0002(ρ; ε) = w̄0020(ρ; ε),

w1001(ρ; ε) = w̄0110(ρ; ε), w0020(ρ; ε) = w2000(ρ; ε), w0002(ρ; ε) = w̄0020(ρ; ε),

w1100(ρ; ε) = w0011(ρ; ε), w0101(ρ; ε) = w̄1010(ρ; ε),

w0002(ρ; ε) = w̄0020(ρ; ε), (2.98)

Ñ ó÷åòîì ðàâåíñòâ (2.98) ïðèðàâíÿåì òåïåðü â (2.86)�(2.87) êîýôôèöèåíòû

ïðè z3. Â ðåçóëüòàòå ïîëó÷èì äëÿ îïðåäåëåíèÿ v3000(ρ, ϕ, s; ε) êðàåâóþ çàäà÷ó

3λ(ε)v3000(ρ, ϕ, s; ε) = v3000s(ρ, ϕ, s; ε),

v3000s(ρ, ϕ, 0; ε) = −v3000(ρ, ϕ, 0; ε)+

+D∆ρϕv3000(ρ, ϕ, 0; ε)− b(ε)v3000(ρ/α, ϕ,−T∗; ε)+

+ (b2(ε)w2000(ρ/α; ε)u
∗
nj(ρ/α; ε) + b(ε)u∗3nj(ρ/α; ε)/6)e

−3λ(ε)T∗ei3nϕ. (2.99)

êîòîðàÿ èìååò åäèíñòâåííîå ðåøåíèå

v3000(ρ, ϕ, s; ε) = w3000(ρ; ε)e
i3nϕ+3λ(ε)s,

â êîòîðîì w3000(ρ; ε) îïðåäåëÿåòñÿ èç óðàâíåíèÿ

L(3λ(ε), 3n; ε)w30000(ρ; ε) =

= (b2(ε)w2000(ρ/α; ε)u
∗
nj(ρ/α; ε) + b(ε)u∗3nj(ρ/α; ε)/6)e

−3λ(ε)T∗. (2.100)

Òàê êàê 3iω∗ íå ÿâëÿåòñÿ òî÷êîé ñïåêòðà ïó÷êà îïåðàòîðîâ P (λ; 0), òî îïðåäåëåí
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îãðàíè÷åííûé îïåðàòîð L−1(3λ(ε), n; ε) : L2(0, 1) → H2(0, 1). Â ñâÿçè ñ ýòèì

w30000(ρ; ε) = e−3λ(ε)T∗/2L−1(b2(ε)w2000(ρ/α; ε)u
∗
nj(ρ/α; ε)+

+ b(ε)u∗3nj(ρ/α; ε)/6). (2.101)

Ïðàêòè÷åñêîå ïîñòðîåíèå w30000(ρ; ε) âûïîëíÿåòñÿ àíàëîãè÷íî w2000(ρ; ε) ïî ñõå-

ìå (2.91)�(2.92).

Ïðèðàâíÿâ òåïåðü â (2.86)�(2.87) êîýôôèöèåíòû ïðè z21 z̄1, ïîëó÷èì êðàåâóþ

çàäà÷ó âèäà

e1(ρ, ϕ, s; ε)d1(ε) + (2λ(ε) + λ̄(ε))v2100(ρ, ϕ, s; ε) = v2100s(ρ, ϕ, s; ε), (2.102)

v2100s(ρ, ϕ, 0; ε) =

= −v2100(ρ, ϕ, 0; ε) +D∆ρϕv2100(ρ, ϕ, 0; ε)− b(ε)v2100(ρ/α, ϕ,−T∗; ε)+

+(b2(ε)(w2000(ρ/α; ε)ūnj(ρ/α; ε) + w1100(ρ; ε)unj(ρ/α; ε))+

+b(ε)u∗2nj(ρ/α; ε)ūnj(ρ/α; ε)/2)e
−(2λ(ε)+λ̄(ε))T∗einϕ. (2.103)

Ïðè d1(ε) ≡ 0 êðàåâàÿ çàäà÷à (2.102)�(2.103) íå ðàçðåøèìà ïðè ε = 0. Ðàçðå-

øèìîñòè äîáèâàåìñÿ âûáîðîì d1(ε). Îáùåå ðåøåíèå óðàâíåíèÿ (2.102) èìååò

âèä

v2100(ρ, ϕ, s; ε) = (w2100(ρ; ε)e
inϕ+

+ d(ε)

∫ s

0

e−(2λ(ε)+λ̄(ε))s1en1(ρ, ϕ, s1; ε)ds1)e
(2λ(ε)+λ̄(ε))s, (2.104)

ãäå w2100(ρ; ε) ∈ H̃2(0, R) ïðîèçâîëüíàÿ ôóíêöèÿ. Ïîäñòàâèâ (2.104) â (2.103) ñ

ó÷åòîì âèäà (2.103) , ïîëó÷èì îïåðàòîðíîå óðàâíåíèå â H(0, R) âèäà

L(2λ(ε) + λ̄(ε), n; ε)w2100(ρ; ε) = f21(ρ; ε) ≡
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≡ −d(ε)(u∗nj(ρ; ε)− b(ε)e−(2λ(ε)+λ̄(ε))T∗(1−e(λ(ε)+λ̄(ε))T∗)/(λ(ε)+ λ̄(ε))u∗nj(ρ/α; ε))+

+(b2(ε)(w2000(ρ/α; ε)ūnj(ρ/α; ε) + w1100(ρ; ε)unj(ρ/α; ε))+

+b(ε)u∗2nj(ρ/α; ε)ū
∗
nj(ρ/α; ε)/2)e

−(2λ(ε)+λ̄(ε))T∗. (2.105)

Îïåðàòîðíîå óðàâíåíèå (2.105) ðàçðåøèìî íå âñåãäà,

ò.ê. L(2λ(0) + λ̄(0), n; 0)u∗nj(ρ; 0) = L(iω∗, n; 0)u
∗
nj(ρ; 0), à òàêæå

L∗(−iω∗)v
∗
nj(ρ; 0) = 0, ãäå L∗(−iω∗; 0) ñîïðÿæåííûé ñ L(−iω∗; 0) â ñìûñëå ñêà-

ëÿðíîãî ïðîèçâåäåíèÿ (2.14) îïåðàòîð. Îáîçíà÷èì ÷åðåç γ(ε), γ(0) = 0 è uγnj(ρ; ε),

uγnj(ρ; 0) = u∗nj(ρ; 0) ñîîòâåòñòâåííî òî÷êó ñïåêòðà è ñîáñòâåííóþ ôóíêöèþ ïó÷-

êà îïåðàòîðîâ L(2λ(ε) + λ̄(ε) + λ, n; ε), à ñîîòâåòñòâåííî ÷åðåç γ̄(ε) è vγnj(ρ; ε),

vγnj(ρ; 0) = v∗nj(ρ; 0) òî÷êó ñïåêòðà è ñîáñòâåííóþ ôóíêöèþ ñîïðÿæåííîãî ïó÷êà

îïåðàòîðîâ L∗(2λ̄(ε) + λ(ε) + λ, n; ε), ò.å.

L(2λ(ε)+ λ̄(ε)+ γ(ε), n; ε)uγnj(ρ; ε) = 0, L∗(2λ̄(ε)+λ(ε)+ γ̄(ε), n; ε)vγnj(ρ; ε) = 0,

è âûáåðåì èõ, óäîâëåòâîðÿþùèìè óñëîâèÿì

(Lλ(2λ(ε) + λ̄(ε) + γ(ε), n; ε)uγnj(ρ; ε), v
γ
nj(ρ; ε))R =

= (uγnj(ρ; ε)− b(ε)T∗e
−(2λ(ε)+λ̄(ε)+γ(ε))T∗uγnj(ρ/α; ε), v

γ
nj(ρ; ε))R = 1, (2.106)

Íåîáõîäèìûì è äîñòàòî÷íûì óñëîâèåì ðàçðåøèìîñòè óðàâíåíèÿ (2.105) ÿâëÿ-

åòñÿ ðàâåíñòâî (f2100(ρ; ε), v
γ
nj(ρ; ε))R = 0 [?]. Îòñþäà ñ ó÷åòîì (2.105), (2.106)

íàõîäèì

d1(ε) = a1(ε) + ic1(ε) = e−(2λ(ε)+λ̄(ε))T∗(b2(ε)(w2000(ρ/α; ε)ūnj(ρ/α; ε)+

+w1100(ρ; ε)unj(ρ/α; ε)) + b(ε)u∗2nj(ρ/α; ε)ū
∗
nj(ρ/α; ε)/2, v

γ
nj(ρ; ε))R/
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/(u∗nj(ρ; ε)− b(ε)e−(2λ(ε)+λ̄(ε))T∗(1− e(λ(ε)+λ̄(ε))T∗)/

/(λ(ε) + λ̄(ε))u∗nj(ρ/α; ε), v
γ
nj(ρ; ε))R. (2.107)

Ðåøåíèå óðàâíåíèÿ (2.105) âûáåðåì, óäîâëåòâîðÿþùèì óñëîâèþ

(w2100(ρ; ε), v
γ
nj(ρ; ε))R = 0. Òàêîå ðåøåíèå îïðåäåëÿåòñÿ îäíîçíà÷íî.

Äëÿ ïðàêòè÷åñêîãî ïîñòðîåíèÿ w2100(ρ; ε) ïðåäñòàâèì

w2100(ρ; ε) =
∞∑
k=1

pk(ε)Rnk(ρ), f2100(ρ; ε) =

=
∞∑
k=1

fk(ε)Rnk(ρ), u
∗
nj(ρ; ε) =

∞∑
k=1

uk(ε)Rnk(ρ),

fk(ε) = (f2100(ρ; ε), Rnk(ρ))R, u∗k(ε) = (u∗nj(ρ; ε), Rnk(ρ))R (2.108)

p2100(ε) = (p1(ε), p2(ε), . . . ), f2100(ε) = (f1(ε), f2(ε), . . . ),

u∗(ε) = (u∗1(ε), u
∗
2(ε), . . . ). (2.109)

Ïîäñòàâèâ (2.109) â (2.105) è ñïðîåêòèðîâàâ íà ñèñòåìó ôóíêöèé Rnj(ρ), j =

1, 2, . . . , ïîëó÷èì ëèíåéíóþ àëãåáðàè÷åñêóþ ñèñòåìó óðàâíåíèé

P (n)(2λ(ε) + λ̄(ε), α; ε)p2100(ε) = f2100(ε), (2.110)

â ïðîñòðàíñòâå l2 â êîòîðîé áåñêîíå÷íîìåðíàÿ ìàòðèöà P (n)(2λ(ε), α; ε) îïðåäå-

ëåíà â (2.16).

Ðåøåíèå (2.110) áóäåì ñòðîèòü â âèäå ðàçëîæåíèÿ ïî ïàðàìåòðó ε, ïðåäñòà-

âèâ

p2100(ε) = p0 + εp1 + . . . , f21(ε) = f0 + εf1 + . . . , u∗(ε) = u∗0 + εu∗1 + . . . ,

d1(ε) = d10 + εd11 + . . . ,
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u∗(ε) = (u∗1(ε), u
∗
2(ε), . . . ), u

∗
k(ε) = (u∗nj(ρ; ε), Rnk(ρ))R. (2.111)

Ïîäñòàâèì (2.111) â (2.110) è ïðèðàâíÿåì êîýôôèöèåíòû â ðàâåíñòâå ïðè îäè-

íàêîâûõ ñòåïåíÿõ ε. Â ðåçóëüòàòå ïîëó÷èì ðåêóððåíòíóþ ïîñëåäîâàòåëüíîñòü

ëèíåéíûõ óðàâíåíèé â l2 âèäà

P (n)(iω∗, α; 0)pj = d1jP
(n)(iω∗, α; 0)u

∗
0 + Fj(p0, ..., pj−1). (2.112)

Ïðè ýòîì P (n)(iω∗, α; 0)u
∗
0 = 0. Âûáåðåì P (n)∗(−iω∗, α; 0)v

∗
0 = 0, òàêèì îá-

ðàçîì, ÷òîáû (P
(n)
λ (iω∗, α; 0)u

∗
0, v

∗
0)l2 = 1. Ñ ó÷åòîì ýòîãî èç óñëîâèÿ ðàçðå-

øèìîñòè (2.112) (d1jP
(n)(iω∗, α; 0)u

∗
0 + Fj(p0, ..., pj−1), v

∗
0)l2 = 0 èìååì d2j =

−(Fj(p0, ..., pj−1), v
∗
0)l2. Ïðè ýòîì ðåøåíèå pj âûáèðàåì óäîâëåòâîðÿþùèì óñëî-

âèþ (P
(n)
λ (iω∗, α; 0)pj, v

∗
0)l2 = 0. Â ýòîì ñëó÷àå ðÿäû (2.121) áóäóò ñõîäÿùèìèñÿ

ïî ε ïðè |ε| < ε0.

Ïðèðàâíÿâ òåïåðü â (2.86)�(2.87) êîýôôèöèåíòû ïðè z1z2z̄2, ïîëó÷èì êðàå-

âóþ çàäà÷ó âèäà

e1(ρ, ϕ, s; ε)d2(ε) + (2λ(ε) + λ̄(ε))v1011(ρ, ϕ, s; ε) = v1011s(ρ, ϕ, s; ε), (2.113)

v1011s(ρ, ϕ, 0; ε) =

= −v1011(ρ, ϕ, 0; ε) +D∆ρϕv1011(ρ, ϕ, 0; ε)− b(ε)v1011(ρ/α, ϕ,−T∗; ε)+

+(b2(ε)(w1010(ρ/α; ε)ūnj(ρ/α; ε) + (w0011(ρ; ε) + w1001(ρ; ε))unj(ρ/α; ε))+

+b(ε)u∗2nj(ρ/α; ε)ūnj(ρ/α; ε))e
−(2λ(ε)+λ̄(ε))T∗einϕ. (2.114)

Ïðè d2(ε) ≡ 0 êðàåâàÿ çàäà÷à (2.113)�(2.114) íå ðàçðåøèìà ïðè ε = 0. Ðàçðå-

øèìîñòè äîáèâàåìñÿ âûáîðîì d2(ε). Îáùåå ðåøåíèå óðàâíåíèÿ (2.113) èìååò
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âèä

v1011(ρ, ϕ, s; ε) = (w1011(ρ; ε)e
inϕ+

+ d2(ε)

∫ s

0

e−(2λ(ε)+λ̄(ε))s1en1(ρ, ϕ, s1; ε)ds1)e
(2λ(ε)+λ̄(ε))s, (2.115)

ãäå w1011(ρ; ε) ∈ H̃2(0, R) ïðîèçâîëüíàÿ ôóíêöèÿ. Ïîäñòàâèâ (2.115) â (2.114) ñ

ó÷åòîì âèäà (2.114) , ïîëó÷èì îïåðàòîðíîå óðàâíåíèå â H(0, R) âèäà

L(2λ(ε) + λ̄(ε), n; ε)w1011(ρ; ε) = f1011(ρ; ε) ≡

≡ −d2(ε)(u∗nj(ρ; ε)−b(ε)e−(2λ(ε)+λ̄(ε))T∗(1−e(λ(ε)+λ̄(ε))T∗)/(λ(ε)+λ̄(ε))u∗nj(ρ/α; ε))+

+(b2(ε)(w1010(ρ/α; ε)ūnj(ρ/α; ε) + (w0011(ρ; ε) + w1001(ρ; ε))unj(ρ/α; ε))+

+b(ε)u∗2nj(ρ/α; ε)ū
∗
nj(ρ/α; ε))e

−(2λ(ε)+λ̄(ε))T∗. (2.116)

Îïåðàòîðíîå óðàâíåíèå (2.116) ðàçðåøèìî íå âñåãäà,

ò.ê. L(2λ(0) + λ̄(0), n; 0)u∗nj(ρ; 0) = L(iω∗, n; 0)u
∗
nj(ρ; 0), à òàêæå

L∗(−iω∗)v
∗
nj(ρ; 0) = 0, ãäå L∗(−iω∗; 0) ñîïðÿæåííûé ñ L(−iω∗; 0) â ñìûñëå ñêà-

ëÿðíîãî ïðîèçâåäåíèÿ (2.14) îïåðàòîð. Îáîçíà÷èì ÷åðåç γ(ε), γ(0) = 0 è uγnj(ρ; ε),

uγnj(ρ; 0) = u∗nj(ρ; 0) ñîîòâåòñòâåííî òî÷êó ñïåêòðà è ñîáñòâåííóþ ôóíêöèþ ïó÷-

êà îïåðàòîðîâ L(2λ(ε) + λ̄(ε) + λ, n; ε), à ñîîòâåòñòâåííî ÷åðåç γ̄(ε) è vγnj(ρ; ε),

vγnj(ρ; 0) = v∗nj(ρ; 0) òî÷êó ñïåêòðà è ñîáñòâåííóþ ôóíêöèþ ñîïðÿæåííîãî ïó÷êà

îïåðàòîðîâ L∗(2λ̄(ε) + λ(ε) + λ, n; ε), ò.å.

L(2λ(ε)+ λ̄(ε)+ γ(ε), n; ε)uγnj(ρ; ε) = 0, L∗(2λ̄(ε)+λ(ε)+ γ̄(ε), n; ε)vγnj(ρ; ε) = 0,

è âûáåðåì èõ, óäîâëåòâîðÿþùèìè óñëîâèÿì

(Lλ(2λ(ε) + λ̄(ε) + γ(ε), n; ε)uγnj(ρ; ε), v
γ
nj(ρ; ε))R =



98

= (uγnj(ρ; ε)− b(ε)T∗e
−(2λ(ε)+λ̄(ε)+γ(ε))T∗uγnj(ρ/α; ε), v

γ
nj(ρ; ε))R = 1, (2.117)

Íåîáõîäèìûì è äîñòàòî÷íûì óñëîâèåì ðàçðåøèìîñòè óðàâíåíèÿ (2.105) ÿâëÿ-

åòñÿ ðàâåíñòâî (f1011(ρ; ε), v
γ
nj(ρ; ε))R = 0 [?]. Îòñþäà ñ ó÷åòîì (2.116), (2.3)

íàõîäèì

d2(ε) = a2(ε) + ic2(ε) = e−(2λ(ε)+λ̄(ε))T∗(b2(ε)(w1010(ρ/α; ε)ūnj(ρ/α; ε)+

+(w0011(ρ; ε) + w1001(ρ; ε))unj(ρ/α; ε)) + b(ε)u∗2nj(ρ/α; ε)ū
∗
nj(ρ/α; ε), v

γ
nj(ρ; ε))R/

/(u∗nj(ρ; ε)− b(ε)e−(2λ(ε)+λ̄(ε))T∗(1− e(λ(ε)+λ̄(ε))T∗)/

/(λ(ε) + λ̄(ε))u∗nj(ρ/α; ε), v
γ
nj(ρ; ε))R. (2.118)

Ðåøåíèå óðàâíåíèÿ (2.116) âûáåðåì, óäîâëåòâîðÿþùèì óñëîâèþ

(w1011(ρ; ε), v
γ
nj(ρ; ε))R = 0. Òàêîå ðåøåíèå îïðåäåëÿåòñÿ îäíîçíà÷íî.

Äëÿ ïðàêòè÷åñêîãî ïîñòðîåíèÿ w1001(ρ; ε) ïðåäñòàâèì

w1001(ρ; ε) =
∞∑
k=1

pk(ε)Rnk(ρ), f1001(ρ; ε) =

=
∞∑
k=1

fk(ε)Rnk(ρ), u
∗
nj(ρ; ε) =

∞∑
k=1

uk(ε)Rnk(ρ),

fk(ε) = (f1001(ρ; ε), Rnk(ρ))R, u∗k(ε) = (u∗nj(ρ; ε), Rnk(ρ))R

p1001(ε) = (p1(ε), p2(ε), . . . ), f1001(ε) = (f1(ε), f2(ε), . . . ),

u∗(ε) = (u∗1(ε), u
∗
2(ε), . . . ). (2.119)

Ïîäñòàâèâ (2.119) â (2.105) è ñïðîåêòèðîâàâ íà ñèñòåìó ôóíêöèé Rnj(ρ), j =

1, 2, . . . , ïîëó÷èì ëèíåéíóþ àëãåáðàè÷åñêóþ ñèñòåìó óðàâíåíèé

P (n)(2λ(ε) + λ̄(ε), α; ε)p1001(ε) = f1001(ε), (2.120)
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â ïðîñòðàíñòâå l2 â êîòîðîé áåñêîíå÷íîìåðíàÿ ìàòðèöà P (n)(2λ(ε), α; ε) îïðåäå-

ëåíà â (2.16).

Ðåøåíèå (2.120) áóäåì ñòðîèòü â âèäå ðàçëîæåíèÿ ïî ïàðàìåòðó ε, ïðåäñòà-

âèâ

p1001(ε) = p0 + εp1 + . . . , f1001(ε) = f0 + εf1 + . . . ,

u∗(ε) = u∗0 + εu∗1 + . . . , d2(ε) = d20 + εd21 + . . . ,

u∗(ε) = (u∗1(ε), u
∗
2(ε), . . . ), u

∗
k(ε) = (u∗nj(ρ; ε), Rnk(ρ))R. (2.121)

Ïîäñòàâèì (2.121) â (2.120) è ïðèðàâíÿåì êîýôôèöèåíòû â ðàâåíñòâå ïðè îäè-

íàêîâûõ ñòåïåíÿõ ε. Â ðåçóëüòàòå ïîëó÷èì ðåêóððåíòíóþ ïîñëåäîâàòåëüíîñòü

ëèíåéíûõ óðàâíåíèé â l2 âèäà

P (n)(iω∗, α; 0)pj = d1jP
(n)(iω∗, α; 0)u

∗
0 + Fj(p0, ..., pj−1). (2.122)

Ïðè ýòîì P (n)(iω∗, α; 0)u
∗
0 = 0. Âûáåðåì P (n)∗(−iω∗, α; 0)v

∗
0 = 0, òàêèì îá-

ðàçîì, ÷òîáû (P
(n)
λ (iω∗, α; 0)u

∗
0, v

∗
0)l2 = 1. Ñ ó÷åòîì ýòîãî èç óñëîâèÿ ðàçðå-

øèìîñòè (2.112) (d1jP
(n)(iω∗, α; 0)u

∗
0 + Fj(p0, ..., pj−1), v

∗
0)l2 = 0 èìååì d2j =

−(Fj(p0, ..., pj−1), v
∗
0)l2. Ïðè ýòîì ðåøåíèå pj âûáèðàåì óäîâëåòâîðÿþùèì óñëî-

âèþ (P
(n)
λ (iω∗, α; 0)pj, v

∗
0)l2 = 0. Â ýòîì ñëó÷àå ðÿäû (2.121) áóäóò ñõîäÿùèìèñÿ

ïî ε ïðè |ε| < ε0.

Ñêàçàííîå âûøå ñôîðìóëèðóåì îêîí÷àòåëüíî â âèäå ñëåäóþùåé òåîðåìû.

Òåîðåìà 6. Ïóñòü ïðè âûáðàííûõ D,α, γ ïàðàìåòðû K∗, T∗ ïðèíàäëåæàò

ãðàíèöå îáëàñòè óñòîé÷èâîñòè ñîñòîÿíèÿ ðàâíîâåñèÿ u∗ = u∗(K∗, α, γ) è ïðè

ýòîì ïó÷åê îïåðàòîðîâ (2.14) èìååò òî÷êè ñïåêòðà λ = ±iω∗, ω∗ > 0 ïðè

íåêîòîðîì n > 0 è ïóñòü òàêæå âåëè÷èíû γ1 > 0, a1(0) < 0, a1(0)a2(0)(a
2
1(0)−

a22(0)) ̸= 0. Òîãäà ñóùåñòâóþò òàêèå ε0, R > 0, ÷òî ïðè K = K∗ + ε, 0 <

ε < ε0 â øàðå Su∗(ε)(R) íà÷àëüíî-êðàåâàÿ çàäà÷à (2.1)�(2.2) èìååò äâà âçà-
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èìíî èíâàðèàíòíûõ ïðîñòðàíñòâåííî íåîäíîðîäíûõ ïåðèîäè÷åñêèõ ðåøåíèÿ

ε1/2u∗(ρ, ψ; ε
1/2), ψ = ±nϕ + (ω∗ + εω∗1 + O(ε))(t + s) + c, c = const, ïå-

ðèîäà T (ε) = 2π/(ω∗ + εω1(ε)) âèäà (2.78), (2.3), ÿâëÿþùèõñÿ ñïèðàëüíûìè

âîëíàìè, âðàùàþùèìèñÿ â ïðîòèâîïîëîæíûõ íàïðàâëåíèÿõ, è äâóìåðíûé èí-

âàðèàíòíûé òîð ε1/2(u∗∗(ρ, n + ψ; ε1/2), ϕ = (ω∗ + εω∗∗1 + O(ε2))(t + s) +

c, c = const, âèäà (2.78), çàïîëíåííûé ïåðèîäè÷åñêèìè ðåøåíèÿìè îäíîãî

ïåðèîäà T (ε) = 2π/(ω∗∗ + εω∗∗1 + O(ε)), (âåäóùèé öåíòð). Ïðè ýòîì, åñëè

a1(0) + a2(0) < 0, a2(0) < 0, òî ïåðèîäè÷åñêèå ðåøåíèÿ àñèìïòîòè÷åñêè îð-

áèòàëüíî óñòîé÷èâûå, à òîð íåóñòîé÷èâ, åñëè a1(0) + a2(0) < 0, a2(0) > 0,

òî ïåðèîäè÷åñêèå ðåøåíèÿ íåóñòîé÷èâû, à òîð àñèìïòîòè÷åñêè îðáèòàëü-

íî óñòîé÷èâ. Âñå îñòàëüíûå ðåøåíèÿ íà÷àëüíî-êðàåâîé çàäà÷è (2.1)�(2.2) ñ

íà÷àëüíûìè óñëîâèÿìè èç Su∗(R) ïðè t → ∞ ñòðåìÿòñÿ ê óñòîé÷èâûì àâ-

òîêîëåáàòåëüíûì ðåøåíèÿì â íîðìå H0(KR;−T, 0).
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Çàêëþ÷åíèå

Â äèññåðòàöèîííîì èññëåäîâàíèè èçó÷åíû óñëîâèÿ è ìåõàíèçìû âîçíèêíî-

âåíèÿ ïðîñòðàíñòâåííî-íåîäíîðîäíûõ ðåøåíèé â íà÷àëüíî-êðàåâîé çàäà÷è äëÿ

ïàðàáîëè÷åñêîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñ îïåðàòîðîì ïðåîáðàçîâàíèÿ

ïðîñòðàíñòâåííûõ êîîðäèíàò è çàïàçäûâàíèåì â íåëèíåéíîì ôóíêöèîíàëå îá-

ðàòíîé ñâÿçè. Íà÷àëüíî-êðàåâàÿ çàäà÷à êîòîðàÿ ÿâëÿåòñÿ ìàòåìàòè÷åñêîé ìî-

äåëüþ ãåíåðàòîðà îïòè÷åñêîãî èçëó÷åíèÿ ñ îïåðàòîðîì ïðåîáðàçîâàíèÿ êîîð-

äèíàò â êîíòóðå äâóìåðíîé çàïàçäûâàþùåé îáðàòíîé ñâÿçè è òîíêèì ñëîåì

íåëèíåéíîé ñðåäû. Ðåøåíû ñëåäóþùèå çàäà÷è:

1. Ñôîðìóëèðîâàíà è îïðåäåëåíà ìàòåìàòè÷åñêàÿ ïîñòàíîâêà

íà÷àëüíî-êðàåâûõ äëÿ íåëèíåéíîãî ïàðàáîëè÷åñêîãî óðàâíåíèÿ ñ çàïàçäûâàþ-

ùèì àðãóìåíòîì è îïåðàòîðàìè ïîâîðîòà è ðàñòÿæåíèÿ ïðîñòðàíñòâåííûõ êî-

îðäèíàò. Îïðåäåëåíû ôóíêöèîíàëüíûå ïðîñòðàíñòâà äëÿ íà÷àëüíûõ óñëîâèé

è ðåøåíèé íà÷àëüíî-êðàåâûõ çàäà÷, äîêàçàíû òåîðåìû ñóùåñòâîâàíèÿ è åäèí-

ñòâåííîñòè ðåøåíèÿ, íåïðåðûâíîé çàâèñèìîñòè ðåøåíèÿ îò íà÷àëüíûõ óñëî-

âèé è ïàðàìåòðîâ óðàâíåíèÿ, ò.å äîêàçàíà êîððåêòíîñòü ïîñòàíîâêè íà÷àëüíî-

êðàåâûõ çàäà÷.

2. Èññëåäîâàíà äèíàìèêà îäíîðîäíûõ ñîñòîÿíèé ðàâíîâåñèÿ èññëåäóåìîé

íåëèíåéíîé íà÷àëüíî-êðàåâîé çàäà÷è â çàâèñèìîñòè îò ïàðàìåòðîâ óðàâíåíèÿ.

3. Ïîñòðîåíû êàðòèíû D-ðàçáèåíèé ïëîñêîñòè îñíîâíûõ ïàðàìåòðîâ óðàâíå-

íèÿ è èññëåäîâàíû ìåõàíèçìû ïîòåðè óñòîé÷èâîñòè ðåøåíèé íà÷àëüíî-êðàåâûõ

çàäà÷è â ñëó÷àå îïåðàòîðà ïîâîðîòà ïðîñòðàíñòâåííîãî àðãóìåíòà è â ñëó÷àå

îïåðàòîðà ðàñòÿæåíèÿ ïðîñòðàíñòâåííîãî àðãóìåíòà.
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4. Èññëåäîâàíû áèôóðêàöèè èç îäíîðîäíûõ ñîñòîÿíèé ðàâíîâåñèÿ

ïðîñòðàíñòâåííî-íåîäíîðîäíûõ ðåøåíèé äëÿ ðàçëè÷íûõ êðèòè÷åñêèõ ñëó÷àåâ

ïîòåðè óñòîé÷èâîñòè íà÷àëüíî-êðàåâûõ â ñëó÷àå îïåðàòîðà ïîâîðîòà ïðîñòðàí-

ñòâåííîãî àðãóìåíòà è â ñëó÷àå îïåðàòîðà ðàñòÿæåíèÿ ïðîñòðàíñòâåííîãî àðãó-

ìåíòà. Ïîñòðîåíû àñèìïòîòè÷åñêèõ ôîðìóëû ïðîñòðàíñòâåííî-íåîäíîðîäíûõ

ðåøåíèé.

Â êà÷åñòâå ìåòîäîâ èññëåäîâàíèÿ èñïîëüçîâàëèñü: ìåòîä èíâàðèàíòíûõ (öåí-

òðàëüíûõ) ìíîãîîáðàçèé ðàñïðåäåëåííûõ íåëèíåéíûõ äèíàìè÷åñêèõ ñèñòåì,

ìåòîä íîðìàëüíûõ ôîðì íåëèíåéíûõ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâ-

íåíèé, ìåòîä ïîñòðîåíèÿ óðàâíåíèé òðàåêòîðèé íà öåíòðàëüíîì ìíîãîîáðàçèè

íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ çàïàçäûâàþùèì àðãóìåíòîì, òåî-

ðèÿ íåëèíåéíûõ îïåðàòîðíûõ óðàâíåíèé, êà÷åñòâåííàÿ òåîðèÿ è òåîðèÿ áèôóð-

êàöèé íåëèíåéíûõ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, ÷èñëåííûå

ìåòîäû. Ïðè èññëåäîâàíèè óñòîé÷èâîñòè ðåøåíèé ðàññìàòðèâàåìûõ íà÷àëüíî-

êðàåâûõ çàäà÷è øèðîêî èñïîëüçóåòñÿ ìåòîä D-ðàçáèåíèé Íåéìàðêà Þ.È.

Âûâîäû

Âñå ïîëó÷åííûå ðåçóëüòàòû ÿâëÿþòñÿ íîâûìè. Äèññåðòàöèÿ èìååò êàê òåî-

ðåòè÷åñêîå, òàê è ïðèêëàäíîå çíà÷åíèå. Èçó÷åíû ìåõàíèçìû ñàìîîðãàíèçàöèè

è âîçíèêíîâåíèÿ ïðîñòðàíñòâåííî-íåîäíîðîäíûõ ñòðóêòóð è âîëí â îäíîðîäíûõ

ðàñïðåäåëåííûõ ñèñòåìàõ, êîòîðûå èìååò âàæíîå ôóíäàìåíòàëüíîå çíà÷åíèå.

Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå ãåíåðàòîðà îïòè÷åñêîãî èçëó÷åíèÿ ïîçâîëÿåò

èññëåäîâàòü ðåæèìû åãî ðàáîòû. Ïðîñòðàíñòâåííî-íåîäíîðîäíûå ðåøåíèÿ, èñ-

ñëåäîâàíèþ êîòîðûõ ïîñâÿùåíà äèññåðòàöèÿ, èñïîëüçóþòñÿ êàê íîñèòåëè èí-

ôîðìàöèè â îïòè÷åñêèõ è âîëîêîííî-îïòè÷åñêèõ ñèñòåìàõ ñâÿçè. Èõ ïðîñòðàí-

ñòâåííàÿ íåîäíîðîäíîñòü èñïîëüçóåòñÿ äëÿ êîäèðîâàíèÿ è óïëîòíåíèÿ èíôîð-

ìàöèè.
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Íàïðàâëåíèÿ äàëüíåéøèõ èññëåäîâàíèé

Ïðåäñòàâëÿåò áîëüøîé èíòåðåñ èññëåäîâàíèå íà÷àëüíî-êðàåâîé çàäà÷è äëÿ

ïàðàáîëè÷åñêîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñ îïåðàòîðîì ñæàòèÿ ïðîñòðàí-

ñòâåííûõ êîîðäèíàò è çàïàçäûâàíèåì â íåëèíåéíîì ôóíêöèîíàëå îáðàòíîé ñâÿ-

çè.
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